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Dramatic progress has been made in particle physics during the past two decades. 
A series of important experimental discoveries has firmly established the existence 
of a subnuclear world of quarks and leptons. The protons and neutrons 
(“nucleons”), which form nuclei, are no longer regarded as elementary particles 
but are found to be made of quarks. That is, in the sequence molecules -> atoms 
— > nuclei — » nucleons, there is now known to be another “ layer in the structure of 
matter.” However, the present euphoria in particle physics transcends this re- 
markable discovery. The excitement is due to the realization that the dynamics of 
quarks and leptons can be described by an extension of the sort of quantum field 
theory that proved successful in describing the electromagnetic interactions of 
charged particles. To be more precise, the fundamental interactions are widely 
believed to be described by quantum field theories possessing local gauge symme- 
try. One of the aims of this book is to transmit a glimpse of the amazing beauty 
and power of these gauge theories. We discuss quarks and leptons, and explain 
how they interact through the exchange of gauge field quanta (photons, gluons, 
and weak bosons). 

We are very conscious that this book has been written at a crucial time when 
pertinent questions regarding the existence of the weak bosons and the stability of 
the proton may soon be decided experimentally. Some sections of the book 
should therefore be approached with a degree of caution, bearing in mind that the 
promising theory of today may only be the effective phenomenology of the theory 
of tomorrow. But no further apology will be made for our enthusiasm for gauge 
theories. 

We have endeavored to provide the reader with sufficient background to 
understand the relevance of the present experimental assault upon the nature of 
matter and to appreciate contemporary theoretical speculations. The required 
core of knowledge is the standard electroweak model , which describes the electro- 
magnetic and weak interactions of leptons and quarks; and quantum chromo- 
dynamics (QCD), which describes the strong interactions of quarks and gluons. 
The primary purpose of this book is to introduce these ideas in the simplest 
possible way. We assume only a basic knowledge of nonrelativistic quantum 
mechanics and the theory of special relativity. We spend considerable time 
introducing quantum electrodynamics (QED) and try to establish a working 




familiarity with the Feynman rules. These techniques are subsequently gener- 
alized and applied to quantum chromodynamics and to the theory of weak 
interactions. 

The emphasis of the book is pedagogical. This has several implications. No 
attempt is made to cover each subject completely. Examples are chosen solely on 
pedagogical merit and not because of their historic importance. The book does 
not contain the references to the original scientific papers. However, we do refer 
to books and appropriate review articles whenever possible, and of course no 
credit for original discovery is implied by our choice. A supplementary reading 
list can be found at the end of the book, and we also encourage the students to 
read the original papers mentioned in these articles. A deliberate effort is made to 
present material which will be of immediate interest to the student, irrespective of 
his experimental or theoretical bias. It is possible that aspiring theorists may feel 
that an injustice has been done to the subtle beauty of the formalism, while 
experimentalists may justifiably argue that the role of experimental discoveries is 
insufficiently emphasized. Fortunately, the field is rich in excellent books and 
review articles covering such material, and we hope that our guidance toward 
alternative presentations will remedy these defects. 

Although the book is primarily written as an introductory course in particle 
physics, we list several other teaching options. The accompanying flow diagram 
gives some idea of the material covered in the various chapters. 
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Une teaching option is based on 1 
phenomenological successes, modern particle physics, or at least some aspects 
of it, is suitable material for an advanced quantum mechanics course along- 
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suggest Chapters 3 through 6, with further examples from Chapter 12, 
together perhaps with parts of Chapter 14. 

An undergraduate course on the introduction of the Feynman r 
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could be based on Chapters 3 through 6. 

The sequence of Chapters 3 through 11 could serve as an introduction to 



quantum chromodynamics. 

A course on weak and electromagnetic interactions could cover Chapters 3 
through 6 and 12 and 13, perhaps supplemented with parts of Chapters 14 
and 15. 

For a standard introductory particle physics course, it may not be possible to 
cover the full text in depth, and Chapters 7, 10, 11, 14, and 15 can be partially 



or completely omitted. 



Exercises are provided throughout the text, and several of the problems are an 
integral part of the discussion. Outline solutions to selected problems are given at 
the end of the book, particularly when the exercise provides a crucial link in the 
text. 

This book was developed and written with the encouragement of students and 
friends at the Universities of Durham and Wisconsin. Many colleagues have given 
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us valuable assistance. In particular, we acknowledge our special debt to Peter 
Collins and Paul Stevenson. They read through the entire manuscript and 
suggested countless improvements. We also thank our other colleagues for their 
valuable comments on parts of the manuscript, especially D. Bailin, V. Barger, U. 
Camerini, C. Goebel, K. Hagiwara, G. Karl, R. March, C. Michael, M. Penning- 
ton, D. Reeder, G. Ross, D. Scott, T. Shimada, T. D. Spearman, and B. Webber. 

We thank Vicky Kerr, and also Linda Dolan, for excellent typing of a difficult 
manuscript. By so doing, they made our task that much easier. 

Francis Halzen and Alan D. Martin 

Durham, England 
January 12th, 1983 
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QUARKS ANu LEPTONS: 
An Introductory Course 
in Modern Particle Physics 





A Preview of Particle Physics 



1.1 What is the World Made of? 

Present-day particle physics research represents man’s most ambitious and most 
organized effort to answer this question. Earlier answers to this riddle included 
the solution proposed by Anaximenes of Miletus, shown in Fig. 1.1. Everyone is 
familiar with the answer Mendeleev came up with 25 centuries later: the periodic 
table, a sort of extended version of Fig. 1.1, which now contains well over 100 
chemical elements. Anaximenes’s model of the fundamental structure of matter is 
clearly conceptually superior because of its simplicity and economy in number of 
building blocks. It has one fatal problem: it is wrong! Mendeleev’s answer is 
right, but it is too complicated to represent the “ultimate” or fundamental 
solution. The proliferation of elements and the apparent systematics in the 
organization of the table strongly suggests a substructure. We know now that the 
elements in Mendeleev’s table are indeed built up of the more fundamental 
electrons and nuclei. 

Our current answer to the question what the world is made of is displayed in 
Table 1.1. It shares the conceptual simplicity of Anaximenes’s solution; it is, 
however, just like Mendeleev’s proposal, truly quantitative and in agreement with 
experimental facts. The answer of Table 1.1 was actually extracted step by step 
from a series of experiments embracing the fields of atomic, nuclear, cosmic-ray, 
and high-energy physics. This experimental effort originated around the turn of 
this century, but it was a sequence of very important discoveries in the last decade 
that directly guided us to a world of quarks, leptons, and gauge bosons. Previ- 
ously, this picture had just been one of many competing suggestions for solving 
the puzzle of the basic structure of matter. 

The regularities in Mendeleev’s table were a stepping-stone to nuclei and to 
particles called protons and neutrons (collectively labeled nucleons), which are 
“glued” together with a strong or nuclear force to form the nuclei. These 
subsequently bind with electrons through the electromagnetic force to produce 
the atoms of the chemical elements. Conversion of neutrons into protons by 
so-called weak interactions is responsible for the radioactive /?-decay of nuclei, 
including the slow decay of the neutron into a proton accompanied by an electron 



1 




/ A n. . nL 

^ i ic view ui rarucic rnysics 




matter are obtained by condensing or rarefying air. Later, a 
chemistry was constructed using the four elements shown 
in the figure. 

and an antineutrino. At this point, the world looked very much like Table 1.1 but 
with the nucleons p and n playing the role of the quarks u and d. 

But the neutron and proton were not alone. They turned out to be just the 
lightest particles in a spectrum of strongly interacting fermion states, called 
baryons , numbering near 100 at the latest count. An equally numerous sequence 
of strongly interacting bosons, called mesons , has also been discovered, the pion 
being the lightest. Fermions (bosons) refer to particle states with spin J = n(h/ 2), 
where n is an odd (even) integer. All the particles which undergo strong interac- 
tions, baryons and mesons, are collectively called “hadrons” 

This proliferation of so-called “elementary” particles pointed the way to the 
substructure of the nucleons (the quarks) in a rather straightforward replay of the 
arguments for composite atoms based on Mendeleev’s table. Also, the 7 r-meson 
and all other hadrons are made of quarks. The electron and neutrino do not 
experience strong interactions and so are not hadrons. They form a separate 
group of particles known as leptons. The neutrino participates exclusively in the 
weak interactions, but the charged electron can of course also experience elec- 
tromagnetic interactions. Leptons have not proliferated like hadrons and so are 
entered directly into Table 1.1 as elementary point-like particles along with the 
quarks. The pion, neutron, proton. . . are not part of the ultimate pieces of the 
puzzle; they join nuclei and atoms as one more manifestation of bound-state 
structures that exist in a world made of quarks and leptons. 
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Building Blocks of Elementary Particles and Some of Their Quantum Numbers 3 



Name 


Spin 


Baryon 

Number 

B 


Lepton 

Number 

L 


Charge 

Q 


Quarks 


i 


i 


n 


, 2 


w \ up / 


2 


3 




T 1 


d (down) 


1 

2 


1 

3 


0 


1 

3 


Leptons 


e (electron) 


1 

2 


0 


1 


~1 


v (neutrino) 


1 

2 


0 


1 


0 


Gauge bosons 


y (photon) 


1 


0 


0 


0 


W ± , Z (weak bosons) 


1 


0 


0 


±1,0 


r. /; _ 1 0 

&1 V* ~ J., . . . , u giuvnoy 


1 


n 


f\ 


rv 


± 


V 




KJ 



a The spin is given in units of h. The charge units are defined in such a way that the electron charge is 
-1. Not listed in the table are the antiparticles of the quarks and leptons [u, d (antiquarks), e + 
(positron), v (antineutrino)]. Although they will not be carefully defined until Chapter 3, they are for 
present purposes identical to the corresponding particles except for the reversal of the sign of their B , 
L , and Q quantum numbers. For example, the u has B = — \, L = 0, Q = — and the e + has 
B = 0, L = -1, and Q = +1. 

A theoretical framework was needed that could translate these conceptual 
developments into a quantitative calculational scheme. Clearly, Schrodinger’s 
equation could not handle the creation and annihilation of particles as observed 
in neutron decay and was furthermore unable to describe highly relativistic 
particles as encountered in routine cosmic ray experiments. In the early 1930s, a 
theory emerged describing the electromagnetic interactions of electrons and 
photons (quantum electrodynamics) that encompassed these desired features: it 
was quantized and relativistically invariant. Even though it has become essential 
to include quarks, as well as leptons, and to consider other interactions besides 
electromagnetism, relativistic quantum field theory, of which quantum elec- 
trodynamics is the prototype, stands unchanged as the calculational framework of 
particle physics. The most recent developments in particle physics, however, have 
revealed the relevance of a special class of such theories, called “gauge” theories; 
quantum electrodynamics itself is the simplest example of such a theory. The 
weak and strong interactions of quarks and leptons are both believed to be 
described by gauge theories: the unified electroweak model and quantum chro- 
modynamics. 

The interplay of models and ideas, formulated in the general framework of 
gauge theories, with new experimental information has been the breeding ground 
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for repeated success. The purpose of this book is to introduce the reader to this 
form of research which is entering new energy domains with the completion and 
imminent construction of a new generation of particle accelerators. These acceler- 
ators, together with very sophisticated particle detectors, will probe matter to 
previously unexplored submicroscopic distances. 



1.2 Quarks and Color 

The overwhelming experimental evidence that the nucleons of nuclear physics are 
made of particles called quarks is reviewed in Chapter 2. The baryons are bound 
states of three quarks; the mesons are composed of a quark and an antiquark. The 
proton is a uud bound state; the additive quantum numbers of the two kinds of 
quarks, u and d, listed in Table 1.1, correctly match the fact that the proton is a 
baryon (5 = 1 = } + } + }) and not a lepton (L = 0) and that it has total 
charge 1 (Q = § + 3 3 ). By analogous arguments, the neutron is obtained as a 

udd bound state. The 7r + -meson is a ud state; it is a meson, in the sense that 
B = L = 0, and its charge is indeed 1 [Q = } - (- })]. In passing, we should 
note that the charge Q , the baryon number B , and the lepton number L are more 
than simply labels; they are conserved additive quantum numbers. That is, a 
particle reaction (e.g., 7r~p -> 7r°n or n -* p q~p) can only occur if the sum of the 
B values in the initial state equals that in the final state; similarly for L and Q. 

By the conventional rules of addition of angular momenta, the total spin J = } 
for the nucleon and J = 0 for the 7r-meson can be constructed from their J = } 
constituents. The quark scheme naturally accommodates the observed separation 
of hadrons into baryons (three quark fermion states) and mesons (quark- anti- 
quark boson states). 

An immediate success of the quark model is theoretical in nature. Protons and 
neutrons are relatively complicated objects, with a size and a rich internal quark 
structure. Quantum field theory, on the other hand, deals with point-like elemen- 
tary particles, that is, with structureless objects like the electron, for example. The 
structureless quarks, rather than the nucleons, are the fundamental entities 
described b^ quantum field theory. Their introduction enables us to explore the 
other interactions with the same powerful theoretical techniques that were so 
successful in describing the properties and electromagnetic interactions of elec- 
trons ( quantum electrodynamics ). 

When implementing the quark scheme, however, one runs into trouble at the 
next logical step: 



p = uud 

n = udd (1.1) 

A + + = uuu. 

The uuu configuration correctly matches the properties of the doubly charged 
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in 1951). Its spin, J = f , is obtained by combining three identical J = \ u quarks 
in their ground state. That is, the quark scheme forces us to combine three 
identical fermions u in a completely symmetric ground state uuu in order to 
accommodate the known properties of the A-particle. Such a state is of course 
forbidden by Fermi statistics. 

f i ;A« mflormn tV»A fiocm ih ic naivp nncirV ic nn cciti cfor*- 
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tory: it is true that the qqq, qqq, and qq states reproduce the observed sequence 
of b ary on, antibaryon, and meson states, as will be demonstrated in the next 
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quarks themselves? No uu particles with charge f have ever been observed. Both 
problems can be resolved by introducing a new property or quantum number for 
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colors: red, green, and blue, denoted symbolically by R, G, and B, respectively. 
“Color” has of course no relation to the real colors of everyday life; the 
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of three primary colors. If we then rewrite the quark wavef unction for the A-state 
in (1.1) as u^u G u 5 , we have clearly overcome the statistics problem by disposing 
of the identical quarks. The three quarks that make up the A-state are now 
distinguishable by their color quantum number. This solution might appear very 
contrived; we request, however, that you reserve judgement until, well, maybe 
Chapters 10 and 14, where the color degree of freedom will acquire a “physical” 
meaning in the context of a gauge theory. There remains a more immediate 
problem: if u^u G u s is Fermi’s A ++ , then we appear to have many candidate 
states for the nroton: u„u^d„. u„u^d^. u D u«d D . and so on. Yet onlv one proton 
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state exists; we have to introduce our color quantum number without proliferat- 
ing the number of states, since this would lead us to a direct conflict with 
observation. The way this is done is to assert that all particle states observed in 
nature are “colorless” or “white” (or, to be more precise, unchanged by rotations 
in R, G, B space). It is easy to visualize the color quantum number by associating 
the three possible colors of a quark with the three spots of primary red, green, and 
blue light focussed on a screen, as shown in Fig. 1.2. The antiquarks are assigned 
the complementary colors: cyan (R), magenta (G), and yellow (B). If you do not 
know color theory, it may be more helpful to just think of the complementary 
colors as antired, antigreen, and antiblue. The colors assigned to the antiquarks 
appear in Fig. 1.2 in those parts of the screen where two and only two primary 
beams overlap. There is now a unique set of ways to obtain colorless (white) 
combinations by mixing colors (quarks) and complementary colors (antiquarks): 



• Equal mixture of red, green, and blue (RGB). 

• Equal mixture of cyan, magenta, and yellow (RGB). 

• Equal mixtures of color and complementary color (RR, GG, BB). 
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Fig. 1.2 Color composition of hadrons. 



These possibilities correspond respectively to the particle states observed in 
nature: baryons, antibaryons, and mesons. For example, 

p = “RGB” 

p=“RGB” (1.2) 

m = “RR + GG + BB” 

In other words, the proton is still a uud state as in (1.1), but with the specific color 
assignments to the quarks exhibited in (1.2). The quotation marks remind us that 
these wavefunctions eventually have to be properly symmetrized and normalized. 
We will do so in Chapter 2, and indeed show that the combination “RGB” is 
antisymmetric under interchange of a pair of color labels as required by the Fermi 
statistics of the quarks. 

The analogy we have developet^between the color quantum number and color 
is not perfect. JThe three qq states RR, GG, and BB are colorless, but it is only the 
combination RR + GG + BB, unchanged by rotations in R, G, B color space, 
which can form an observed meson. In other words, we use “colorless” to mean a 
singlet representation of the color group. 

Let us briefly recapitulate. We have assigned a “hidden” color quantum 
number (no connection with hidden variables implied!) to quarks; it is hidden 
from the world in the sense that all the particles or quark bound states that hit the 
experimentalists’ detectors are colorless (color singlets). It solves the embarrass- 
ment that our successful (see Chapter 2) quark model appears to violate Fermi 
statistics, but it does much more. Notice indeed that, for example, qq states of the 
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our dogma that only colorless bound states exist. The color scheme explains the 
exclusive role played in nature by qqq, qqq, and qq quark combinations. The 
quarks themselves are colored and therefore hidden from our sight. But, as we 
discuss later on, there are nevertheless a multitude of ways to infer experimentally 
their existence inside hadrons. We are now ready to introduce, however, the most 
profound implication of the color concept. 



1.3 Color: The Charge of Nuclear Interactions 

In Maxwell’s theory of electromagnetism, charged particles such as electrons 
interact through their electromagnetic fields. However, for many years it was 
difficult to conceive how such action-at-a-distance between charges came about. 
That is, how can charged particles interact without some tangible connection? In 
quantum field theory, we have such a tangible connection: all the forces of nature 
are a result of particle exchange. Consider first the event taking place at point A 
in Fig. 1.3. An electron emits a photon (the quantum of the electromagnetic field) 
and as a result recoils in order to conserve momentum. It is clearly impossible to 
conserve energy as well, so the emitted photon is definitely not a real photon. It is 
a photon with “not quite the right energy”; we call it a “ virtual ” photon 
(Chapters 4 and 6). An electron can nevertheless emit such a photon, as long as it 
is sufficientlv auicklv reabsorbed. Because of the uncertaintv inherent in auantum 
mechanics, the photon can in fact live for a time A t < (h/&E), where A is is the 
“borrowed” or missing energy. However, suppose that instead of being reab- 
sorbed by the same electron, the photon is absorbed by another electron, as in 
Fig. 1.3. The latter electron will recoil in the act of absorbing the virtual photon at 
point B. The net result is a repulsive force between the two electrons. In quantum 
field theory, such exchanges are responsible for the Coulomb repulsion of two like 
charges! 

The dramatized picture of the force sketched in Fig. 1.3 might lead one to 
believe that only repulsive forces can be described by the exchange of particles. 
This is not so; the impulse of a virtual particle can have either sign in quantum 
field theory because its momentum vector does not necessarily have the orienta- 




Fig. 1.3 Electrons repel by exchanging a 
photon. 
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tion prescribed by classic 3.1 physics. This should not be too surprising, as clearly 
the whole discussion of the exchange force of Fig. 1.3 is classically impossible. 
The exchanged “virtual” photons are in other respects different from freely 
propagating real photons encountered in, for example, radio transmission, where 
the energy of the oscillating current in the transmitter is carried away by the radio 
waves. Virtual photons cannot live an existence independent of the charges that 
emit or absorb them. They can only travel a distance allowed by the uncertainty 
principle, c A/, where c is the velocity of light. 

From now on, electromagnetic interactions of charged particles are represented 
by pictures ( Feynman dlciyyci ms , see Chapter 3 onward) like the one shown in Fig. 
1.4a. The charged quarks will also interact by photon exchange. Although we are 
familiar with the fact that electromagnetic interactions bind positronium (e"e + ), 
it is clear that the electromagnetic interaction cannot bind quarks into hadrons. A 
“ strong ” force, overruling the electromagnetic repulsion of the three (same-charge) 
u quarks in the A ++ -particle, must be invoked to bind quarks into hadrons. In 
fact, the color “charge” endows quarks with a new color field making this strong 
binding possible. The interaction of two quarks by the exchange of a virtual 
“gluon” is shown in Fig. 1.4b. Gluons are the quanta of the color field that bind 
quarks in nucleons and also nucleons into nuclei. It is useful to Follow the flow of 
color in the diagram of Fig. 1.4b. This is shown in Fig. 1.4c. The red quark 
moving in from the left of the page switches color with the blue quark coming 
from the right. Quarks interact stronglv bv exchanging color. Now match Fies. 

w ^ ^ *— r ' o ~ 

1.4b and 1.4c. The gluon, shown as a curly line in Fig. 1.4b, must itself be 
colored: it is in fact a bicolored object, labeled (BR) in Fig. 1.4c. Based on the 
analogy pictured in Fig. 1.4, one can construct a theorv of the color, strone. or 

W J 

nuclear force, whatever you prefer to call it, by copying the quantized version of 
Maxwell’s theory (quantum electrodynamics, or QED). The theory thus obtained 
is called quantum chromodynamics , or QCD (Chapters 10 and 11). 

This theory is fortunately sufficiently like QED to share its special property of 
being a renormalizable (i.e., calculable) gauge theory. Although we postpone 
explanation of this statement to much later (Chapter 14), it should preempt any 
other statement in a presentation of QCD. We are equally fortunate that it is 
sufficiently different from QED to play the role of the strong force. First, nine 
bicolored states of the type depicted in Fig. 1.4c exist: RR, RG, RB, GR, GG, 
GB, BR, BG, and BB. Notice that the gluon depicted in Fig. 1.4c is labeled BR, 
not BR. Indeed, when in Chapter 3 an operational definition is given to these 
diagrams, it will be clear that the different directions of the arrows on the color 
lines of the exchanged quantum in Fig. 1.4c imply that they represent a color- 
anticolor combination. One of the nine combinations, RR + GG 4- BB, is a color 
singlet [see (1.2)] which lacks any net color charge and therefore cannot play the 
role of a gluon carrying color from one quark to another. Chromodynamics is 
therefore a theory like electromagnetism, but with eight gluons instead of a single 
photon. Since the gluons themselves carry a color charge, they can directly 
interact with other gluons, as depicted in Fig. 1.4d. This possibility is not 





(d) 

Fig. 1.4 (a) Electromagnetic interaction by photon exchange, (b) 

Strong interaction by gluon exchange, (c) Flow of color in (b). 

(d) Self-coupling of gluons. 

available in electrodynamics, as photons do not have electric charge. Theories in 
which field quanta may interact directly are called “ non~Abelian” (Chapter 14). 

The existence of this direct coupling of gluons has dramatic implications that 
become evident if one contrasts the effects of charge screening in both QED and 
QCD. Screening of the electric charge in electrodynamics is illustrated in Fig. 1.5. 
In quantum field theory, an electron is not just an electron — it can suddenly emit 
a photon, or it can emit a photon that subsequently annihilates into an 
electron-positron pair, and so on. In other words, an electron in quantum field 
theory exhibits itself in many disguises, one of which we show in Fig. 1.5a. Note 
that the original electron is surrounded by e - e + pairs and, because opposite 
charges attract, the positrons will be preferentially closer to the electron. There- 
fore, the electron is surrounded by a cloud of charges which is polarized in such a 
way that the positive charges are closer to the electron; the negative charge of the 
electron is thus screened, as shown in more detail in Fig. 1.6. Suppose that we 
want to determine the charge of the electron in Fig. 1.6 by measuring the 
Coulomb force experienced by a test charge. The result will depend on where we 




Quantum electrodynamics (QED) Quantum chromodynamics (QCD) 
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place the test charge; when moving the test charge closer to the electron, we 
penetrate the cloud of positrons that screens the electron’s charge. Therefore, the 
closer one approaches the electron, the larger is the charge one measures. In 
quantum field theory, the vacuum surrounding the electron has become a polariz- 
able medium. The situation is analogous to that of a negative charge in a 
dielectric medium: the electron-positron pairs in Fig. 1.6 respond to the presence 
of the electron like the nolarized molecules do in the dielectric. This effect is 

X 

known as charge screening; as a result, the “measured charge” depends on the 
distance one is probing the electron; the result is shown pictorially in Fig. 1.5a. In 
OED, this variation of the charge is calculable by considering all possible 
configurations of the electron’s charge cloud, only one of which is shown in Fig. 
1.5a (see Chapter 7). 

One can carry through the same calculation for the color charge of a quark. 
Color screening would be a carbon copy of charge screening if it were not for the 
new configurations involving gluons turning into pairs of gluons, as shown in Fig. 
1.5b. The gluons, themselves carriers of color, also spread out the effective color 
charge of the quark. It turns out that the additional diagrams reverse the familiar 
result of quantum electrodynamics: a red charge is preferentially surrounded by 
other red charges, as shown in Fig. 1.5b. We now repeat the experiment of Fig. 
1.6 for color charges. By moving our test probe closer to the original red quark, 
the probe penetrates a sphere of predominantly red charge and the amount of red 



Measuring the charge of an electron 
Using a long-distance probe 
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Fig. 1.6 Measuring the charge of an electron. 
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pictured in Fig. 1.5b and is referred to as “ asymptotic freedom ” (Chapter 7). 
Asymptotically, two red quarks interact (i.e., for very small separations) through 
color fields of reduced strength and approach a state where they behave as 
essentially free, noninteracting particles. 

You might wonder why we have immediately emphasized this rather exotic 
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QCD into a quantitative calculational scheme (Chapters 10 and 11). 



1.4 Natural Units 



At this stage, it is necessary to break the flow of the physics discussion and to 
introduce units appropriate to particle physics. The two fundamental constants of 
relativistic quantum mechanics are Planck’s constant, h , and the velocity of light 
in vacuo, c: 



h = 



= 1 V 1ft-34 T 



.w 



tS ow 



c = 2.998 X 10 8 msec l . 



It is convenient to use a system of units in which h is one unit of action 
(ML 2 /T) and c is one unit of velocity (L/T). Our system of units will be 
completely defined if we now specify, say, our unit of energy (ML 2 /T 2 ). In 
particle physics, it is common to measure quantities in units of GeV (1 GeV = 10 9 
electron volts), a choice motivated by the fact that the rest energy of the proton is 
roughly 1 GeV. 

By choosing units with h = c = 1, it becomes unnecessary to write h and c 
explicitly in the formulas, thus saving a lot of time and trouble. We can always 
use dimensional analysis to work out unambiguously where the h y s and c’s enter 
any formula. Hence, with a slight but permissible laziness, it is customary to 
speak of mass ( m ), momentum (me), and energy (me 2 ) all in terms of GeV, and 
to measure length ( h/mc ) and time ( h/mc 2 ) in units of GeV -1 . Table 1.2a 
displays the connection between GeV units and mks units and Table 1.2b lists 
some useful conversion formulae. 



EXERCISE 1.1 Cross sections are often expressed in millibams, where 1 
mb = 10 3 b = 10" 27 cm 2 . Using GeV units, show that 

1 GeV" 2 = 0.389 mb. 



So far, we have not considered the elementary charge e , which measures how 
strongly electrons, say, interact electromagnetically with each other. To obtain a 
dimensionless measure of the strength of this interaction, we compare the 
electrostatic energy of repulsion between two electrons one natural unit of length 
apart with the rest mass energy of an electron: 



l e* / 2 e 2 1 

4w (h/mc) / mc 4* he “ 137 ’ 



(1.3) 
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TABLE 1.2a 

Conventional Mass, Length, Time Units, and Positron Charge in Terms of 
h — c = 1 Energy Units 



Conversion Factor 


h = c= 1 
Units 




Actual 

Dimension 


1 kff = 5 61 X 10 26 GeV 

_ — 0 - - 


GeV 




GeV 

c 2 


1 m = 5.07 X 10 15 GeV" 1 


GeV" 1 




he 

GeV 


1 sec = 1.52 X 10 24 GeV -1 


GeV -1 




h 

GeV 


e = ^4ira 


— 




(hc) 1/2 



TABLE 1.2b 

Some Useful Conversion Factors 

1 TeV = 10 3 GeV = 10 6 MeV = 10 9 KeV = 10 12 eV 

1 fermi = 1 F = 10~ i3 cm = 5.07 GeV - 1 
(1 F) 2 = 10 mb = 10 4 /ib = 10 7 nb = 10 10 pb 
(1 GeV) -2 = 0.389 mb 



In (1.3), we have adopted the rationalized Heaviside- Loren tz system of electro- 
magnetic units. That is, the 4 tt factors appear in the force equations rather than 
in the Maxwell equations, and e 0 is set equal to unity. This choice, which is 
conventional in particle physics, reduces Maxwell’s equations to their simplest 
possible form. The value of a is, of course, the same in all systems of units, but 
the numerical value of e is different. 

For historical reasons, a is known as the fine structure constant. Unfortunately, 
this name conveys a false impression. We have seen that the charge of an electron 
is not strictly constant but varies with distance because of quantum effects; hence 
a must be regarded as a variable, too. The value ^ is the asymptotic value of a 
shown in Fig. 1.5 a. 

EXERCISE 1.2 Show that, in h = c = 1 units, the Compton wavelength 
of an electron is m -1 , the Bohr radius of the hydrogen atom is (am) -1 , and 
the velocity of an electron in its lowest Bohr orbit is simply a; m is the mass 
of the electron or, more precisely, the reduced mass m e m p /{m e + m p ). 

EXERCISE 1.3 Justify the statements, that due to the weakness of the 
electromagnetic interaction (a ~ y^), the hydrogen atom is a loosely bound 
extended structure and that the nonrelativistic Schrodinger equation is 
adequate to describe the gross structure of atomic energy levels. 
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In Fig. 1.3, we pictorially associated the electromagnetic interaction of two 
charges with the emission and reabsorption of a field quantum y. We can 
somewhat “quantify” this picture by interpreting some familiar examples of 
classical electromagnetic phenomena in terms of this language. If you feel uneasy 
about the vagueness of the arguments below, we would like to point out that an 
exact operational definition of these so-called Feynman diagrams is forthcoming 
in Chapters 3 through 7. There they will represent the probability amplitudes for 
the process pictured and will be calculated using relativistic quantum mechanics. 
As a first example, consider the diagram of Fig. 1.7a, representing the Thomson 
scattering of photons off electrons. For long-wavelength photons, the cross section 
is given by 



°TH ~ 



Stt (_a_y _ 2 
3 [mj 3 
where R e is the Compton wavelength of the electron, 



=|« 2 (4 *Rl) 



(1.4) 



h l 
e m e c m e 



(1.5) 



in natural units. Not surprisingly, the Thomson cross section can be obtained 
classically as well as from quantum electrodynamics. In fact, it is this long-wave- 
length limit that is used to define the charge — nf th<- Tt ic 
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the charge (or a) when probed with a low-energy probe from a large distance see 
Fig. 1.5a. 

Another example of an electromagnetic interaction is th** Riith^rfm-H cpot tAriM r» 
of an electron of energy E on a nucleus of charge Ze, for which the differential 
cross section is ( 



do. 



Z : 



4 E 2 sin 4 (0/2) 

This process is pictured by the Feynman diagram of Fig. 1.7b. We now want to 



use the two presses pictured in Fig. 1.7 to illustrate the fact that a is a measure 



Thomson scattering 



Rutherford scattering 




Fig. 1.7 (a) Thomson scattering (b) Rutherford scattering. 
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Probability o? H Fig. 1.8 7rp scattering. 



of the strength of the electromagnetic interaction or, in particle exchange lan- 
guage, the probability for emitting or absorbing a photon. As we eventually want 
the Feynman diagrams to represent probability amplitudes , a factor e or Ja is 
associated with each absorption or emission of a photon by a charge e. Inspection 



of the diagrams in Figs. 



1.7a and 1.7b makes it clear that two such factors 



{Jcl'Jcl) 1 should appear in the cross section (1.4) and a factor (\faZ\fa) 2 in (1.6). 

Armed with this concept, we now return to Thomson scattering but replace the 
photon beam by -77-mesons. First, we note that, in analogy to (1.4), the Thomson 
cross section for the scattering of long- wavelength photons off a proton target is 

°th ~ 3 ft2 (47r/ij), (1.7) 



where R p = 1 /m p in natural units. Our analyzer photon beam sees an effective 
area (4wR p ) of the target proton, and a 2 is, as before, the probability of 
absorbing and emitting a photon. The factor § is immaterial for present consider- 
ations; it actually reflects the fact that for a photon, one of the three polarization 
states expected for a particle of spin 1 is missing. 



n we now repeat tne measurement oi tne proton s radius using a 77 - meson 
instead of a photon beam (Fig. 1.8), we find that the coupling (emission or 
absorption) of 77 -mesons to nucleons cannot possibly be electromagnetic. The 
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Oriirp) = a 2 H (4vR 2 p ), 



( 1 . 8 ) 



where, as before, the factor 47 tR 2 is the effective area of the target; a r ( 77 p) is 
measured to be well over 1 mb. From a comparison of this result with the much 
smaller measured values of o Tffy given by (1.7), we are forced to conclude that a H , 
the probability for absorbing and emitting 77 -mesons, exceeds a by two to three 
orders of magnitude. That is, 

a H ~ 1 to 10. (1.9) 



The conclusion that a new “charge” and a new field has to be invoked to 
explain 77 N interaction cross sections is therefore inevitable. A substantial effort 



was made to construct an a^j^ro^nate quantum field theory. Mure quantitative 
analyses of the type presented above actually show that the nucleon is not a 
simple object with classical radius but a complicated structure with a size 
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associated with this new charge. These historic attempts failed for several reasons. 
First, the 7r-meson itself possesses just as rich a substructure as the nucleon. It 
therefore does not fit well into its role as the “photon” of the nuclear interactions. 
The other problem is that actually a H — 15. This immediately precludes any hope 
of repeating the successes of quantum electrodynamics, which are anchored in the 
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the perturbation series converges rapidly. 

Nowadays, we associate the structure of the proton with quarks; the quark 

rnlnr rharop is flip “tmp” nV iarrr#» r\f ctr^nn intar.ir.t.'««r ~ .1 tt_i * 
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of strong interactions. Just as the probability for photon emission by a charged 
particle is given by a = e 2 /4i r, so the probability for gluon emission by a colored 
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divided by 47i (see Fig. 1.9). We no longer regard a H as a fundamental number 
but as an “epiphenomenon” that reflects the structure of pions and nucleons as 
well as a , 



Scattering of low-energy m - mesons probes in some way the color charge at the 
surface of the nucleon, that is, over a typical distance l/m^ - 1.4 F. Here, even 
a s ~ 1» as can be seen from Fig. 1.5b; a s is too large to permit the use of 
perturbation theory. Using the modern technology of very high-energy particle 
beams, we can however probe the color charge of individual quarks deep inside 
the nucleon where a . is smaller fsee aeain Fb. l,5bV A 1 £H"OP v^riptv r \ f PYnpriniAn. 
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tal probes has been invented to reach energies and distances where a s - 0.2; 
perturbation theory then is a workable approximation. Asymptotic freedom of 
QCD is the key to the use of perturbation theory (see Chapters 10 and 11). 

Examples of experimental probes are shown in Figs. 1.10 and 1.11. Fig. 1.10a 
depicts the familiar technique of mapping the structure of an atom by scattering a 
beam of electrons off it. In elastic collisions, wh fifft thft PYr.flJmcrpH nhntnn in Pier 

, ‘■ 0 '"“ 1*1 X 15 . 

1.10a carries very little momentum and has therefore a relatively long wavelength, 




Fig. 1.9 (a) The probability amplitude for emitting a photon is 
proportional to e or ^[a . (b) The probability amplitude for 
emitting a gluon is proportional to yja s . 
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collisions, one is therefore measuring the size (r 2 ) of the electron cloud. But for 
very inelastic interactions of the electron beam, the exchanged photon now 
acquires a large momentum. The photon in Fig. 1.10a has turned into a short- 
wavelength probe illuminating the atom with high resolution. The cross section 
takes the form of (1.6). Figure 1.10c shows the result of such an experiment 
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angles is due to a-particles rebounding off nuclei deep inside the gold atoms. 
More than 60 years after these pioneering atomic structure experiments, a very 
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time, the enhancement (Fig. 1.10c) is indicative of a hard-core substructure inside 
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Proton target Phys. Lett. 46B, 471 (1973) 
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Fig. 1.10 (a) Inelastically scattered charged particle beam reveals the substruc- 
ture of the atom, (b) Inelastically scattered proton beam reveals the quark 
structure of the proton target, (c) Experimental results. 
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in Fig. 1.10b. In inelastic collisions of very high-energy protons, individual quarks 
in the beam and the target “Rutherford scatter” off one another. As the 
interactions involve color charges over distances smaller than the size of a 
nucleon, a s is small, and quantitative predictions can be made. An analysis of 
data based on the diagram shown in Fig. 1.10b shows indeed that quarks follow 
the Rutherford formula of (1.6V 



d<*R ~ & s 1 

dil 4 e 2 sin 4 ( 9/2) ’ 



(1.10) 



with a s - 0.2. The presence of gluons inside the nucleon have to be taken into 
account, and this complicates the analysis; but in principle, these experiments are 
exact analogues of Rutherford scattering. 

This experimental approach for resolving quarks inside nucleons is not unique. 
There are other techniques that allow us to illuminate hadrons with photons of 
very large momentum Q and therefore small Compton wavelength X = 1/Q. 
Imitating the atomic physics experiments, such photons are often “prepared” by 
the inelastic scattering of high-energy electron and muon beams off nuclear 
targets (see Fig. 1.11a). Colliding very high-energy electron and positron beams 
also provides us with an extremely “clean” technique to probe quarks (see Fig. 
1.11b). The photon, produced at rest by e + and e~ beams colliding head on, can 
decay into a qq pair as shown in the picture (Fig. 1.11b). When the pair separates 
by distances of order 1 F, a s becomes large; that is, the color interactions between 
the quark and antiquark become truly strong, and these violent forces decelerate 
the quarks. The decelerated quarks radiate hadrons (mostly light vr-mesons) just 





Fig. I.li (a) Virtual photons with a short wavelength resolve quarks in the proton 
target, (b) Virtual photons, obtained by annihilating e~ and e + beams, decay into 
quark- antiquark pairs. 
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like a decelerated charge emits photons by bremsstrahlung. The original quark is 
never seen in its “free” state; only these w - mesons and other (colorless) hadrons 
hit the experimentalist’s detector. The widening arrows in Figs. 1.10b and 1.11 
indicate the showers or jets of hadrons radiated from, and traveling more or less 
in the direction of, the struck quark. The quark thus “escapes,” but only as a 
constituent of one of the radiated hadrons. 

The central role nlaved hv the nrnnertv nf rnlnr srreenina fFio 1 SKl hernmes 
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more and more crucial. But is the argument that quarks (or color) are confined 

within hadrons any more than an excuse for our failure to observe free quarks? 

The answer is that this picture makes unique and dramatic predictions; as the 
virtual photon is produced at rest in Fig. 1.11b, the quark and antiquark should 
emerge in opposite directions to conserve momentum. Therefore, the two sprays 
of hadrons fietsl should be observed on onnosite sides nf the annihilation nnint 

/ ■■ ■■ - ■ - -- - • - - - - r r — r 

where the photon is produced. The verification of this prediction was a real boost 
for the quark theory; any pre-quark theory of elementary particles had led us to 
exDect a uniform. isotrODic distribution of the emereine hadrons. The exnerimen- 
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tal verdict is unambiguous; Fig. 1.12 shows an example of a two-jet event seen by 
the struck wires of a detector. Notice the back-to-back orientation of the two jets. 

The most striking (and certainly far from obvious) aspect of two-jet events is 
that the bremsstrahlung products, and never the original quark, reach the detec- 
tor. Even with our very qualitative insight of color theory, it is possible to 
“rationalize” this experimental fact. It is once more crucial to recall the difference 
between QED and QCD recorded in Fig. 1.5. When a quark and antiquark 
separate, their color interaction becomes stronger. Through the interaction of 
gluons with one another, the color field lines of force between the quark and the 
antiquark are squeezed into a tube-like region as shown in Fig. 1.13a. This has to 
be contrasted with the Coulomb field where nothing prevents the lines of force 
from spreading out. There is no self-coupling of the photons to contain them. 
This is yet another way to visualize the different screening properties of QED and 
QCD. If the color tube has a constant energy density per unit length, the potential 
energy between the quark and the antiquark will increase with separation, 
V(r ) - \r , and so the quarks (and gluons) can never- escape. This so-called 
“ infrared slavery ” is believed to be the origin of the total confinement of quarks to 
colorless hadrons. But how do they materialize as hadron jets? The answer is 
shown in Fig. 1.14. The separating qq pair stretches the color lines of force until 
the increasing potential energy is sufficient to create another qq pair. These act as 
the end points for the lines of force, which thus break into two shorter tubes with 
lower net energy despite the penalty of providing the extra qq mass. The outgoing 
quark and antiquark continue on their way (remember that they originally carried 
the momentum of the colliding e _ and e + ), further stretching the color lines. More 
qq pairs are produced until eventually their kinetic energy has degraded into 
clusters of quarks and gluons, each of which has zero net color and low internal 
momentum and therefore very strong color coupling. This coupling turns them 
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Fig. 1.12 Tracks of charged particles in a quark and antiquark jet. The TASSO 
detector at PETRA observes the products of a very high-energy e~ and e + head-on 
collision in the center of the picture. 



into the hadrons forming two jets of particles traveling more or less in the 
direction of the original quark and antiquark (see Fig. 1.14). 

In summary, we have argued that quarks have color as well as electric charge. 
The experimental evidence is compelling. Color is the same property previously 
introduced in an ad hoc way for solving a completely unrelated Fermi-statistics 
problem. We have argued that the theory of color (QCD) and of electrodynamic 
(QED) interactions are much alike in that the massless gluons exchanged between 
colored quarks are very similar to the massless photon exchanged between 
charged electrons. The crucial difference is the magnitude and screening proper- 
ties of a s and a (the strengths of the respective interactions) as indicated by the 
sketches in Figs. 1.5 and 1.13. 
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Fig. 1.13 The qq color field with V(r) ~ r, and the e + e 
Coulomb field with V(r) ~ 1/r. 



Where does all this leave the short-range nuclear force that binds neutrons and 
protons to form nuclei, which was in fact the original motivation for introducing 
the strong interaction? The answer is best seen in analogy with chemical binding 
due to the electromagnetic forces between two neutral atoms as they approach 
each other. As the atoms are electrically neutral, very little force is experienced 
until their electron clouds start to overlap. The force, known as the van der Waals 
force, increases gradually at first, and then very rapidly as the interpenetration 
increases. It is responsible for molecular binding and involves the exchange of 
electrons between the atoms. In itself it is not a fundamental interaction, but is 
instead a complicated manifestation of the basic electromagnetic interactions 
between two extended charged systems. In the same manner, the nucleon-nucleon 
force can be viewed as a complicated manifestation of the basic interaction 
between colored quarks. The nucleons, which are color neutral, only experience 
strong interactions at short distances when the quarks in one nucleon can “sense” 
the presence of the quarks in the other. 



1.6 There are Weak Interactions, too 

The A ++ -particle, which gave us the crucial hint to introduce the color quantum 
number, was discovered by Fermi and collaborators by bombarding 7 r + -mesons 
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Fig. 1.14 Jet formation when a quark and antiquark separate. 
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back into a 7r + and a proton. In the quark picture, one could imagine a decay 



mechanism of the type shown in Fig. 1.15a. Strong interactions, with range about 
1 F, are responsible for the decay of the A ++ ; therefore, the typical decay time is 
the time it takes the 7r + and the proton to separate by a distance R — 1 F: 
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Other “resonant” baryon states formed in the scattering of 7 r-mesons and protons 

23 sec. In contrast, the proton itself is known to 
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is only symbolic; it reminds us that the A + + decays by 
strong interactions (with range about 1 F). (b) Neutron 
/J-decay is mediated by weak interactions. A massive weak 
boson W is emitted and absorbed with probability a w . (c) 
Muon decay. 
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on baryon number conservation. Without it, the proton could be unstable and 
decay; for example, 

p -> e + 7r°. 

This decay is forbidden (but see Chapter 15). Indeed, using Table 1.1, we notice 
that the total baryon number before decay is 3 X k for the uud quarks in the 
proton and zero after decay because of the cancellation of the q and q baryon 
number making up the 7 r°. The electron, the lightest charged particle, is of course 
stable by charge conservation. 

The neutron’s decay is familiar from radioactivity: 

n -* p + e - + v. 

This transition is energetically allowed and is not excluded by baryon number 
conservation. But the neutron lives 15 minutes! This is a puzzle. We can imagine 
that some particles have longer lifetimes than the 10 ^ obtained in (1.11) 
because they decay exclusively through the weaker electromagnetic interactions 
and not through the color interaction sketched in Fig. 1.15 a. The lifetime of the 
7 r°, which decays electromagnetically via 7 t° —> yy, is 10“ 16 sec. This is what we 
expect, as 

Womagne.ic ^/M 2 = 10 4, ^ ( 1>12 ) 
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and therefore electromagnetic lifetimes should be about 10 4 — 10 6 times longer 
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To obtain (1.12), we took the hint from Fig. 1.15 that the hadronic decay 
probability is proportional to (Ja^JoT) 2 . However, in our world with two scales. 
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The proton and electron are “protected” by conservation laws, but what about 
the 15-minute lifetime of the neutron? 
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* e“ + v in 10“ 12 sec, and a series of “ strange ” particles exists with lifetimes 
of order 10“ 10 sec, for example, 2 + ^ n + 7 r + . The 2 -* n + tt decay dem- 
onstrates the puzzle in a very striking way. Energetically, the decays 2 -* n + 77 - 
and A -» n -l- tt are almost identical. The available phase space for 2 -» n + 77 - is 
0.12 GeV kinetic energy, approximately the same as that for A -» n -I- *n. Nev- 
ertheless, their lifetimes differ by about 13 orders of magnitude. We are forced to 



introduce a new scale a w and to invent a new “weak” interaction , arguing in 
analogy with (1.12) that 



t(A -> n + 77-) _ 10 23 sec _ / a w \ 2 
t(2 -> n + 7T ) 10“ 10 sec l a s J 



(1.13) 



where a w is the probability for emitting or absorbing some “ weak quantum ” W. 
Neutron /3-decay is then represented by the Feynman diagram shown in Fig. 
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a w ~ 10 6 (1.14) 

compared to a s ^ 1 and a - 10 _2 . 

Implicit in the above discussion is that the weak field quanta (unlike gluons) 
couple with equal strength, a w , to leptons (e, v ) and quarks (u, d) (see Fig. 1.15b). 
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purely leptonic weak processes, such as ju - ^ e"i? c ^ (compare Figs. 1.15b and 
15c). The weak interaction has another novel feature: it changes a d quark into a 
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change quark and lepton “flavor” The weak field quanta W in Fig. 1.15 have 
electric charge, unlike the photon and gluons. In fact, they exist with positive and 
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We can now summarize the exchanged bosons and the associated charges by 
which quarks and leptons interact. This is done in Tables 1.3 and 1.4. 
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radioactive /3-decay and other “weak” phenomena, this need not imply the 
existence of a new field with its own ad hoc coupling strength a w . There is a more 
pleasing and more appropriate (Chapter 15) interpretation for (1.14). One can 
insist that the coupling of the W in the diagrams of Figs. 1.15b and 1.15c is in fact 
electromagnetic in strength. The probability of emitting a W is then essentially 
the same as that for emitting a nhf’itnn nampl V /V Thp cIaU/ rcitp nf ll (AO V 1 C 
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achieved instead by giving the W a large mass. The probability of exchanging a W 
is small compared to that for exchanging a photon, not because it is less likely to 
be emitted, but because it is massive. Equation (1.14) is then rein 
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a w = 
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(1.15) 



The qualitative statement expressed by (1.15) is already clear. The large mass M w 
suppresses the coupling strength a of the weak bosons to a given “effective” 
coupling strength a w . For dimensional reasons, M w has to be expressed in terms 
of some reference mass; our choice is the proton mass. That the suppression is 
quadratic is not obvious at all but depends on the details of the “electroweak” 
theory we construct. An equation looking like (1.15) is derived in Chapter 15. 
Since a - 10“ 2 , we have the prediction that 

A/... If ) 2 m (a 1 

VY ~~ - r p’ y-L.t-v/ 

This result also implies that the weak interactions have a short range. A minimum 
energy M w c 2 is necessary to emit a virtual W. It can therefore only live a time 
Af < h/M w c\ after which it has to be reabsorbed (remember the discussion of 
Fig. 1.3). During that time, it can travel at most a distance cAf = h/M w c ^ 10“ 3 
F, using (1.16). This range is much smaller than the 1-F range of a strong 
interaction. The important observation is, however, that no new charge need 
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TABLE 1.3 

Diagrams Showing Typical Interactions 

Interaction Charge Quarks Leptons 



Strong Color 



Electromagnetic Electric charge ( e ) 



Weak Weak charge (g), 

giving u -* d or 
v -> e ~ flavor- 
changing 
transitions 




U 



necessarily be introduced to accommodate weak interactions. Only the electric 
charge appears in (1.15). One might question the conceptual superiority of 
introducing a new mass scale instead of a new charge. A discussion of spontaneous 
symmetry breaking in Chapters 14 and 15 addresses this question. Of course, no 
matter how aesthetically satisfying the idea, experiment will be the final arbiter. 
The previous discussion should be somewhat familiar. Maxwell’s theorv of 

* - - - j - 

electromagnetism also unifies two interactions: electricity and magnetism. The 
force on a charged particle moving with velocity v is 

F = eE + e M v X B. 

In Maxwell’s theory one does not introduce a new charge to accommodate 
magnetic interactions. It unifies the two by stating that e = e M . At low velocities, 
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TABLE 1.4 












Summary of Chapter 1 














Typical 


Typical 




Typical 


Interaction 


Range 


Lifetime 


Cross Section 


Coupling 






(sec) 


(mb) 




<*/ 


Strong 


IF- — 
"C 


10 23 


10 




1 




Color 


e.g., A -* p?r 


e.g., nip -*■ 


Trp 






confinement 

i aiigc 










Electromagnetic 


* 00 


10" 20 ~ 10" 16 


10“ 3 


p 7 T° 


10~ 2 






e.g.,7T° -> yy 
2 -* Ay 


e.g-, YP -*■ 




Weak 


. , with 
Mw 


10” 12 or 
longer 


10“ n 




10 6 




M w — lOOwip 


e.g., 2~-> n 


e.g., vp -► 


vp 








7 T~ —*■ fX~ V 


vp n' 


p 7 T + 





a “van der Waals” manifestation of massless gluon exchange (see end of Section 1.5). 



the magnetic forces are very weak; but for high velocities, the electric and 
magnetic forces play a comparable role. Unification of the two forces introduces a 
scale in the theory: the velocity of light. The velocity of light, c, is the scale which 
governs the relative strengths of the two forces. We also introduced a scale when 
unifying weak and electromagnetic interactions. It is an energy scale, M w . 



1.7 Down Mendeleev’s Path: More Quarks and Leptons 



The discovery of so-called “ strange ” particles such as the 2, providing us with a 
striking example of a weak decay, has a more significant implication. They do not 
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Fig. 1.16 The associated production of strange particles. 






TABLE 1,5 

Present Proliferation of Quarks and Leptons a 



t o 

i.u vji ami 



it l 



Quarks 
u(up) 
d (down) 

Leptons 
e (electron) 
v e (e neutrino) 



c (charm) 
s (strange) 

H (muon) 

Vp (ju- neutrino) 



t (top)? 
b (beauty) 

r (tau) 

v T ( T-neutrino) 



a The masses increase from left to right, and no direct evidence for the heaviest entry (the t quark) 
exists at present. 



experimental observation that strange particles are produced in pairs in the strong 
interactions of nonstrange hadrons is a clear hint that they contain a new quark. 
Figure 1.16 illustrates this point using the interaction 

7 r + + p -> K + + 2 + 

as an example. The blob in the center represents the complicated (1-F range) 
color interactions before the pair of strange particles emerges. Turning our 
attention to Table 1.1, one concludes from inspection of such data that the new 
strange quark has not only the electric charge (see Fig. 1.16), but also the other 
quantum numbers of the d quark. The measured masses of the strange particles 
imply that the s quark is heavier: the K(us) meson is heavier than the 7r(ud), the 
2(uus) is heavier than the p(uud). Known look-alikes of the d quark now also 
include the even heavier b quark. The u quark has its heavier partner; the c quark. 
The history of heavier look-alikes to the quarks and leptons of Table 1.1 goes 
back to the muon, which appears in all respects to be an electron except for its 
mass, which is 200 times larger. The present evidence is that Table 1.1 should be 
expanded to Table 1.5. 

Nuclei, atoms, and molecules, that is, “our world, 5 ’ is built up out of the first 
column of Table 1.5. The particles in adjacent columns are identical in all 
properties. They differ only in mass. Why our world is doubled, tripled, ... is one 
of the major unanswered questions. A sentence from the beginning of this 
chapter, referring to Mendeleev’s table, comes to mind: “Proliferation of elements 
and the apparent systematics in the organization of the table strongly suggests a 
substructure of more fundamental building blocks.” But with five (six?) quarks 
and leptons, is it too soon to worry? 



1.8 Gravity 

It may be surprising that the force most evident in everyday life, the gravitational 
force, has not been mentioned. The reason is simply that it is by far the weakest 
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manifestations that can guide us to a quantum field theory. Then why is it so 
evident? That is because the gravitational force is cumulative, unlike the other 
long-range interaction, the electromagnetic force, and we live adjacent to an 
astronomical body: the Earth! Otherwise, gravity would only be apparent to 
astronomers. Large bodies are usually electrically neutral so that their electromag- 
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sum of the attractions between their constituent masses. The reader can however 
imagine that constructing a gauge theory for gravity has become one of the 
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the spin 1 quanta in Table 1.1, have spin 2. The discussions are beyond the scope 
of this book. 



1.9 Particles: The Experimentalist’ s Point of View 
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ii elections ciuiLLcu iruin a vacuum iuoe, ior example, are suojectea to electric or 
magnetic fields, they follow trajectories as given by classical electrodynamics 
applied to a particle of charge —e and mass m. This is also true for nucleons or 
a-particles emitted by a radioactive source, even though from the high-energy 
physicist’s point of view they are complicated structures with a spatial extension. 
The experimental physicist’s working definition of a particle is therefore an object 
to which he can assign a well-defined charge and mass and which behaves, for all 
practical purposes, like a point particle in the macroscopic electromagnetic fields 
of his accelerators and detectors. 
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a potential difference of i volt 
between a cathode and an anode. If extracted from the vacuum tube “accelerator,” 
it will emerge with an energy of 1 eV. In high-energy physics, we require, 
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scope” can achieve a spatial resolution of order 
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(6.6 X 10~ 16 eV sec) x(3 X 10 8 m/sec) 
10 9 eV 



— 10 15 m, or 1 fermi. 



Obviouslv. a vacuum tube will not do! We cannot create sufficientlv great 
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potential differences. There are two solutions to this problem: either put a (very) 
large number of them in series, one perfectly lined up behind the other (linear 
accelerators), or place a number of them in a circle so that a circulating electron 
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can be repeatedly passed through them and subjected to their acceleration 
(synchrocyclotrons). 

The first solution was adopted for the construction of the 2-mile linear 
accelerator at the Stanford Linear Accelerator Laboratory where electrons reach 
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energies of up to 20 GeV. Electrons emerging from an ion source are accelerated 
by a series of radio-frequency (rf) cavities. These contain an oscillating electric 
field which is parallel to the electron’s velocity when it enters each cavity. The 
electron therefore “rides on the crest of a wave” along the 2- mile accelerator. In 
order to confine it to a straight line, further electric or magnetic fields are usually 
needed to focus the beam, in the same way that lenses guide or focus a beam of 
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The circular accelerator solution was chosen for the construction of synchro- 
trons at Fermilab near Chicago (U.S.A.) and at CERN in Geneva (Switzerland). 
These are 2 km in diameter, and protons are accelerated up to 500 GeV. The 
physical principles involved are familiar from the old-fashioned cyclotron (see 
Fig. 1.17). In a cyclotron, a proton in a magnetic field B describes an orbit with 
radius 
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(1.17) 



which increases as the velocity v increases. The proton thus spirals (see, e.g., 
Halliday and Resnick; see also Omnes). At relativistic speeds, 

m n 

m = ym Q = , (1.18) 



1 — ( v 2 /c 2 ) 



where m 0 is the proton rest mass, and the rotation frequency to diminishes: 



to 



m 



(1.19) 



Remember that to is a constant at nonrelativistic velocities. To achieve perfect 
acceleration, it is therefore sufficient to tune the alternating E field in Fig. 1.17 to 
the fixed frequency to. 

A synchrocyclotron, using a series of accelerating rf cavities placed in a circle, 
differs from a cyclotron in two ways: (1) the B field, supplied by dipole bending 
magnets interspaced between the rf cavities, is not constant but is continuously 
adjusted to force the particles into a fixed orbit; (2) the frequency of the 
oscillating electric field in the rf cavities is “synchronized” with the changing 
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Fig. 1.17 A particle orbiting by means of the Lorentz force 
is repeatedly accelerated by an electric field E. 
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cyclotron). Only protons entering the cavity at the right moment are accelerated. 
Thus, we are forced to accelerate “bunches” of protons rather than a continuous 
beam. In the CERN machine, 4600 proton bunches rotate with a revolution time 
of 23 jtisec. The machine operates therefore at 200 MHz. To create the necessary 5 
million volts per revolution requires a radio-frequency power of 2 MW. During 
acceleration, the particles circulate roughly 10 ^ times around the machine this 
takes a total of 2 sec. They cover 500,000 km but are nevertheless kept in their 
orbit to a precision of 1 mm. To achieve this accuracy, quadrupole focusing 
magnets are interspaced with the rf cavities and bending magnets. 

An increasingly popular technique is to accelerate two beams of particles which 
have opposite charges inside the same circular accelerator. The beams, circulating 
in opposite directions, are made to intersect at specific interaction regions, leading 
to violent head-on collisions (see Exercise 3.3). The products of a collision can be 
viewed with detectors surrounding the interaction region. Electron-positron 
colliders with beam energies of ud to 20 GeV are in ooeration at Hamburg fWest 

W 1 A 

Germany) and at SLAC (Stanford, California, U.S.A.). The same technique is 
used in a proton-antiproton collider at CERN where the beams circulate with an 
energy of 270 GeV. Designs to reach higher energies are under study at CERN 
and Fermilab, and a new generation of accelerators is forthcoming, with Europe, 
the United States, Japan, and the Soviet Union all engaged in their construction. 

Electron or proton beams can also be extracted from accelerators and directed 
onto external hydrogen or nuclear targets to study particle-nucleon interactions. 
Alternatively, we can focus the charged pions or kaons or antiprotons produced 
in these interactions into secondary beams, which in turn can be used to bombard 
a nuclear target, and so study their interactions with nucleons. 

In a secondary 7r + -beam, some particles will decay in flight via n t + -> ju. + + v. 
Therefore, the beam becomes “contaminated” with muons and neutrinos. By 
sending the beam through shielding material, the 7r + -component in the beam will 
be absorbed, because the 77- + -particles, unlike muons and neutrinos, interact 
strongly with the absorber. In so doing, we have constructed a w + -beam 
“contaminated” with neutrinos. By increasing further the amount of absorber, 
eventually only the weakly interacting neutrinos survive. Our 7r + -beam has thus 
become a neutrino beam! 

We should not forget that interactions of cosmic rays with the nitrogen and 
oxygen nuclei in the atmosphere have been observed with collision energies 
exceeding those reached in the laboratory by more than five orders of magnitude. 
The low flux of these high-energy cosmic rays makes a systematic study of the 
interactions a challenging, but also a very intriguing, mission. 



1.10 Particle Detectors 

Detection of charged particles is based on a simple physics principle: matter is 
ionized when traversed by charged particles. The electric field associated with a 
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charged particle moving through matter accelerates the outer electrons of nearby 



atoms and so ionizes them. The charged particle will thus leave behind a trail of 
ionized atoms which can be used to infer the trajectory it has followed. A 
common technique is to place a dielectric, usually a gas, between condensor 
plates. A potential close to breakdown is applied across the plates. Then, when a 
charged particle enters the detector, it ionizes the dielectric and the condensor will 
discharge. This is the principle on which the Geiger counter is based. Spark, 
streamer , or flash chambers used in high-energy physics experiments are basically 
a large collection of such counters. By observing the sequence of discharges in the 
multicomponent detector, we can reconstruct the particle track. The same tech- 
nique is used in proportional or drift chambers. They are ionization counters 
operated in the “sub-Geiger” mode; that is, the voltage is maintained below 
breakdown of the dielectric. The ionization along the particle’s trajectory is 
observed via electric pulses on the anode wires which collect the electrons that 
result from the ionization (see Fig. 1.18). The positive ions will drift toward 
cathode Dianes and also contribute to the detected current. It is not unusual to 

i _ -. 



construct counters of 5 m X 5 m using large numbers of anode wires and cathode 
strips. 

The bubble chamber illustrates an alternative method of displaying the ioniza- 
tion which signals the passage of a charged particle. A similar method is also used 
in cloud chambers and photographic emulsions . In a large vessel a few meters in 
diameter, a liquid is kept under 5 - 20 atmospheres of overpressure. Through a 
sudden decompression, the liquid is superheated and the boiling will start with 
the formation of bubbles along the particle track. It is the ionized atoms which 
catalyze the formation of these bubbles. The bubbles are allowed to grow for 10 
msec and are then recorded by stereo cameras. 

In some materials the atoms are excited, rather than ionized, by high-energy 
charged particles. The excited levels decay with the emission of light which can be 
observed by photomultiplier tubes. Such detectors, called scintillation counters , 
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Fig. 1.18 The principle of a drift chamber. 
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particle excites the molecular levels. 

Detectors exist which can discriminate between 7r-mesons, K-mesons, and 
nucleons by measuring their mass. In these experiments, particles move close to 
the speed of light. Their velocity can nevertheless be measured by sending the 
particles through a dielectric and observing the Cerenkov light emitted by excited 
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light in the dielectric medium (v th = c/n, where n is the refractive index). The 
phenomenon is similar to the sonic boom radiated by an aircraft flying faster than 
the speed of sound in air. This velocity threshold can be used to distinguish 
particles with the same momentum but different masses. 

Clearly, neutral particles cannot be observed by these techniques. However, we 

can detect their nresenee hv observing their rharoeH Herav nrnHnrtc fnr pvamnlp 
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it 0 y y followed by y -* e e + . The last reaction is forbidden by energy con- 
servation, but it is possible in the electric field of a nucleus yN -* e e + N'. When 
a photon or electron enters a high-Z material, repeated bremsstrahlung and pair 
production will create an avalanche of such particles. Their number increases 
exponentially with depth inside the detector until eventually the cascade has used 
up the total energy of the incident particle. Such detectors are called calorimeters. 

A modern particle detector is usually a hybrid system made up from several of 
the above detectors. It will usually contain a magnet which deflects the particle 
tracks and allows a determination of their momenta. Its iron will absorb the 
hadrons and so identify surviving muons. Detectors often consist of over 1000 
tons of magnetized iron. A detailed discussion of these multipurpose detectors 
and of the sophisticated electronics required to collect and digest the information 
from its various components is outside the scope of this book. For further 
reading, see, for example. Chapter 2 of Perkins (1982) and Kleinknecht (1982). 
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SYMMETRIES AND GROUPS 



2.1 Symmetries in Physics: An Example 
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are amazingly close in value. Nuclear physicists took this as a hint that they are in 
fact two manifestations of one and the same particle called the “nucleon,” in very 
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thought of as one, not two, particles. Indeed, the mathematical structure used to 
discuss the similarity of the neutron and the proton is almost a carbon copy of 
spin, and is called “ isospin ” (see Fig. 2.1). 

This concept is very useful. As a simple illustration, consider the description of 
the two-nucleon system. Each nucleon has spin \ (with spin states T and j ), and 
so, following the rules for the addition of angular momenta, the composite system 
may have total spin 5 = 1 or 5 = 0. We are using units with h = 1 (see Section 
1.4). The composition of these spin triplet and spin singlet states is 
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( 2 . 1 ) 



|5 = 0,M s = 0)=vT(T1 - IT). 

Each nucleon is similarly postulated to have isospin 7 = with 7 3 = + \ for 
protons and neutrons, respectively. 7=1 and 7 = 0 states of the nucleon-nucleon 
system can be constructed in exact analogy to spin: 

t\i = i./,- i) = PP 

\ K = !. h = 0) = /F(P n + np) 

(|/= l,/ 3 = -l) = nn ( 2 - 2 ) 



| / = 0, / 3 = 0) = /f(pn - np). 

EXERCISE 2.1 Justify the decomposition shown in (2.1) by either (1) 
considering the symmetry of the states under interchange of the nucleons or 
(2) using the angular momentum “step-down” operator. 
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Fig. 2.1 Spin and isospin doublets, 

EXERCISE 2.2 If the nucleons are in a state of relative orbital angular 

momentum J = D iicp thp Pauli PYr-lncinn nrinrinlp to show that .S' -I - T 

„ w, — i —r*’ “ ■ * 

must be an odd integer. 

There is much evidence to show that the nuclear force is invariant under isospin 
transformations [for example, that it is independent of the value of 7 3 in the / = 1 
multiplet of (2.2)]. For instance, consider the three nuclei 6 He, 6 Li, and 6 Be, 
which can be regarded respectively as an nn, np, and pp system attached to a 4 He 
core of / = 0. After correcting for the Coulomb repulsion between the protons 
and for the neutron-proton mass difference, the observed nuclear masses are as 
sketched in Fig. 2.2. Furthermore, isospin invariance requires that the same 
nuclear physics should be obtained for each of the three 1=1 states (/ 3 = 
— 1,0,1), just as rotational invariance ensures that the 2J + 1 substates of an 
isolated system of total angular momentum J describe exactly equivalent physical 
systems. 

EXERCISE 2.3 Use isospin invariance to show that the reaction cross 

sections o must satisfy 

q(pp -> 7T + d) = 2 
<j(np -» 7r°d) 

given that the deuteron d has isospin 7 = 0 and the m has isospin 7 = 1. 

Hint You may assume that the reaction rate is 

a - |amplitude| 2 - L|</', I^\A\I, / 3 )| 2 
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those of eq. (2.2). The two states of 6 Li are 
separated by about 2 MeV. After correcting for 
electromagnetic effects, the excited state of 6 Li 
and the ground states of 6 He and 6 Be are found 
to be degenerate in mass. 




2.2 Symmetric and Groups A Brief IiitrouUctiuii 
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states, respectively, and 1 = /' and / 3 = I{. 



In Sections 2.2 to 2.9, we amplify these ideas and take the opportunity to 
introduce some useful group theory concepts. You may prefer to skip these 
sections and, instead, refer to the appropriate results as and when necessary. 



2.2 Symmetries and Groups: A Brief Introduction 
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symmetry. Although we shall not need the formal machinery of group theory, it is 
useful to introduce some of the concepts and the terminology which belongs to 
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example. 

The set of rotations of a system form a group, each rotation being an element 



of the group. Two successive rotations 
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“product” R 2 Ri) are equivalent to a single rotation (that is, to another group 
element). The set of rotations is closed under “multiplication.” There is an 
identity element (no rotation), and every rotation has an inverse (rotate back 
again). The “product” is not necessarily commutative, RiR 2 ^ t> ut the 

associative law R 3 (R 2 R l ) ~ ( R 3 R 2 )R X always holds. The rotation group is a 
continuous group in that each rotation can be labeled by a set of continuously 
varying parameters (a 1# a 2 > <* 3 )- These can be regarded as the components of a 
vector a directed along the axis of rotation with magnitude given by the angle of 
rotation. 



The rotation group is a Lie group. The crucial property here is that every 
rotation can be expressed as the product of a succession of infinitesimal rotations 
(rotations arbitrarily close to the identity). The group is then completely defined 
by the “neighborhood of the identity.” 

We do not want an experimental result to depend on the specific laboratory 
orientation of the svstem we are measuring. Rotations must therefore form a 

•/ " " " o - " ■ ” 

symmetry group of a system. They are a subset of the Lorentz transformations 
that can be performed on a system, namely, those transformations that leave it at 
rest. By definition, the physics is unchanged by a symmetry operation. In 
particular, these operations leave the transition probabilities of the system in- 
variant. For example, suppose that under a rotation R the states of a system 
transform as 



|*> ^ !»//> = £/|*>. 



(2.3) 
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unchanged by R, 






(2.4) 



and so U must be a unitary operator. The operators £/(Rj), U(R 2 ),. . .,form a 
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said to form a unitary representation of the rotation group. 

Moreover, the Hamiltonian is unchanged by a symmetry operation R of the 
system, and the matrix elements are preserved: 

<<m If) = (<M U'HVW) = |*>, 

so that 



H = U*HU or [U, H] = UH - HU = 0. (2.5) 

The transformation U has no explicit time dependence, and the equation of 
motion, 



*4l + (0>-ff| *(<)>, (2.6) 

ai 

is unchanged by the symmetry operation. As a consequence, the expectation value 
of U is a constant of the motion: 



‘£(<K0l UI<H0) = <<H oi u/f - HU\i>(t)) = 0. (2.7) 



All the group properties follow from considering infinitesimal rotations in the 
neighborhood of the identity. As an example, consider a rotation through an 
infinitesimal angle e about the 3- (or z) axis. We may write, to first order in e, 

U = \ — ieJ 3 . (2.8) 

The operator J 3 is called the generator of rotations about the 3-axis. Now, 



-l rr+rr / -i < * w+\/-i - r \ 

l = u 'u = yi -t iej 3 i j(i — iej 3 ) 



= 1 + i‘e( ) + 0( e 2 ) . 

Therefore, J 3 is hermitian and hence is a (quantum mechanical) observable. The i 
was introduced in (2.8) to make this so. 

To identify the observable J 3 , we consider the effect of a rotation on the wave 
function ip(r) describing the system. First, we must distinguish between two 
points of view. Either we may rotate the axes and keep the physical system fixed 
(the passive viewpoint) or we can keep the axes fixed and rotate the system (the 
active viewpoint). The viewpoints are equivalent; a rotation of the axes through 
an angle 6 is the same as a rotation of the physical system by —6. We adopt the 
active viewpoint and rotate the physical system. The wave function describing 
the rotated state at r is then equal to the original function at the point R ^r, 
which is transformed into r under the rotation R , that is, 



’f'(r) = v|'(f?~ 1 r). (2.9) 

This specifies the one-to-one correspondence between if/' and if/, which we have 
written [cf. (2.3)] 



W = Uxf / . 



( 2 . 10 ) 
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For an infinitesimal rotation e about the z axis, (2,9) and (2,10) give 
U\^(x, y> z) = ^(/* _1 r) = $(x + ey, y - ex, z) 

- +( x , y, z ) + e(,%t - 

= (l - ie(xp y -yp x ))4>. (2.11) 

Comparing (2.11) with (2.8), that is, with 

Uxp = ( 1 - ieJ 3 )\p, 

we identify the generator , / 3 , of rotations about the 3- (or z) axis with the 
third-component of the angular momentum operator . 

From (2.7), we see that the eigenvalues of the observable / 3 are constants of the 
motion. They are conserved quantum numbers. A symmetry of the system has led 
to a conservation law. The fact that experiments performed with different 
orientations of an aDDaratus sive the same ohvsics results (rotational svmmetrvl 

4 * ^ i ^ — v" -j j / 

has led to the conservation of angular momentum. 

A rotation through a finite angle 0 may be built up from a succession of n 
infinitesimal rotations 

U{6) = (U(e))” = (l - /£/,)" - e- ,u >. (2.12) 

We may introduce similar hermitian generators of rotations about the 1- and 
2- axes, and / 2 , respectively. The commutator algebra of the generators is (see 
Exercise 2.4) 

*4] = itjkiJi (2-13) 

where e ikl = +1( — 1) if jkl are a cyclic (anticyclic) permutation of 123 and 
E jki = 0 otherwise. Relations (2.13) completely define the group properties; the e jkl 
coefficients are called the structure constants of the group. The J ’s are said to 
form a Lie algebra. Since no two s commute with each other, only the 
eigenvalues of one generator, say / 3 , are useful quantum numbers. 



EXERCISE 2.4 Show that the four successive infinitesimal rotations (e 
about the 1-axis, followed by tj about the 2-axis, then — e about the 1-axis, 
and finally — rj about the 2-axis) are equivalent to the second-order rotation 
erj about the 3-axis. Hence, show that the generators satisfy 

[ 5 *^2 ] = * ’ 



Nonlinear functions of the generators which commute with all the generators 
are called invariants or Casimir operators. For the rotation group, 
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[y 2 , /]=0 with/ = 1,2,3. (2.15) 

It follows that we can construct simultaneous eigenstates | jm) of J 2 and one of 
the generators, say J 3 . Using only (2.13), it is possible to show that 

J 2 \jm) =j(j + 

J,\jm) = m|y'm) (2.16) 

with m = — j, —j+ 1, . . . , y, and where j can take one of the values 0, 1, §, . . . . 

EXERCISE 2.5 Verify (2.16). To do this, it is useful to form the so-called 
“step-up” and “step-down” operators 

J ± =A ± iJ 2 . (2.17) 



J± \jm) = (C - m(m + 1)) 1/2 |7, m ± 1), (2.18) 

that is, J ± step m up and down by one unit, respectively. Show that 
C =j(j + 1). 

A state | jm) is transformed under a rotation through an angle 6 about the 
2-axis into a linear combination of the 2 j + 1 states | jm'), with m' = — j, —j + 

(2-19) 

m' 

where the coefficients d J m , m are written in conventional notation and are frequently 
called rotation matrices. From (2.19), we see the states having the same j but all 
possible m values transform among themselves under rotations. In fact, all the 
2 j + 1 states are mixed by rotations. They form the basis of a (2j + 1)- 
dimensional irreducible representation of the rotation group. The set of states is 
called a multiplet. 

EXERCISE 2.6 Show that the rotation matrices 

d Lm( e ) = (jm'\e-‘* J i\jm) 



for i = h and /' = 1 are 



f d + + = d = cos \0 

^ i i i * 1 /* 

\a_ + = — a+^= sm^u 



(2.20) 




where “I - denote wi 
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^01 = — ^10 = — 
d n = d_ 1 _ l = \ 

d - 11 = d\-\ = 2 

//„_ = rns ft 

” UU 



^ 0-1 — ^10 
(1 + cos 6) 
(1 — cos 6) 



{ sin0 



(2.21) 



2.3 The Group SU{ 2) 

In the lowest-dimension nontrivial representation of the rotation group (j = |), 
the generators may be written 

Jj = with/' =1,2,3, (2.22) 



where a, are the Pauli matrices 



Oj = 



Oo = 



0 -i 

1 0 



a, = 



0 

-1 



(2.23) 



The basis (or set of base states) for this representation is conventionally chosen to 
be the eigenvectors of a 3 , that is, the column vectors 



and 



describing a spin-^ particle of spin projection up (m = + \ or T) and spin 
projection down (m = — ^ or 1) along the 3-axis, respectively. 

The Pauli matrices a, are hermitian, and the transformation matrices 

U{6 t ) - e - ,8 <°' /2 (2.24) 



are unitary. The set of all unitary 2x2 matrices is known as the group U( 2). 
However, U( 2) is larger than the group of matrices t/(0 ; ), since the generators a, 
all have zero trace. Now, for any hermitian traceless matrix a, we can show that 

det(^'°) = e iTr(a) = 1. (2.25) 

Since the unit determinant is preserved in matrix multiplication, the set of 
traceless unitary 2x2 matrices form a subgroup, SU( 2), of U( 2). SU(2) denotes 
the special unitary group in two dimensions. The set of transformation matrices 
£7(0, ) therefore form an SU{2) group. The SU( 2) algebra is just the algebra of the 
generators J t , relations (2.13). There are thus 1, 2, 3, 4, . . . dimensional representa- 
tions of SU{2) corresponding to j = 0, i, 1, §,. . . , respectively. The two-dimen- 
sional representation is, of course, just the a-matrices themselves. It is called the 
fundamental representation of ST/(2), the representation from which all other 
representations can be built, as we will now show. 
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angle 0 about the 2-axis corresponds to the unitary transformation 



r l$ ^/2 = cos ^ _ 



/a 2 sin^- . 



(2.26) 



2.4 Combining Representations 



A composite system formed from two systems having angular momentum j A and 
h ma y t> e described in terms of the basis 

IA/b^a^b) - |./a'Wa>|./b'Wb)- 
However, the combined operator 



J J A + ^b (2.27) 

also satisfies the Lie algebra of (2.13), and it is the eigenvalues J(J + 1), M of 
J , J 3 which are the conserved quantum numbers. In fact, the “product” of the 
two irreducible representations of dimension 2 j A + 1 and 2 j B + 1 may be 
decomposed into the sum of irreducible representations of dimension 2J + 1 with 

J = IA-7bI. \J'a~Jb\ + + /B. (2.28) 

with basis \j A j B JM), where 



M = m A + m B . (2.29) 

The last equality follows directly from the third component of (2.27). One basis 
may be expressed in terms of the other by 

\j A j B JM)= £ C(m A m B \ JM)\j A j B m A m B ), (2.30) 

m A , m B 

where the coefficients C are called Clebsch-Gordan coefficients; they have been 
tabulated, for example, in the Review of Particle Properties (1982). These coeffi- 
cients are readily calculated by repeatedly applying the step-down operator 

LCi. 



J- (/a)-"*"(A)- 

to the “fully stretched” state 

I 7a7b A M — j) = | y A y B , m A =y A , m B = y B ) 
and using orthogonality when necessary. 

Equation (2.1) is a simple example of (2.30). The composite system of two spin- 4 

Particles y A = y B = \ may have spin J = 1 or 0. We may write the decomposition 
symbolically as 



2 <g> 2 = 3 © 1, (2.31) 

using the dimensions (that is, the size of the multiplet) to label the irreducible 
representations. We can readily extend this procedure. Combining a third spin- 4 
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particle, we have 

(2 ® 2) ® 2 = (3 ® 2) ©(1 ® 2) 

= 4 © 2 © 2. (2.32) 

That is, three spin-^ particles group together into a quartet of spin \ and two 
doublets of spin 



2.5 Finite Symmetry Groups: P and C 



A unite group is uiic which contains only a finite nuiubei of elements. In paiticle 
physics, we encounter a very simple symmetry group containing just two ele- 
ments, the identity e and an element g satisfying g 2 = e. For example, g may be 



Space inversion or particle— an tipar tide conjugation. Invanance of the physics 
under g means that g is represented by a unitary (or antiunitary) operator U(g) 
which satisfies [see (2.5)] 

[U,H] = 0, (2.33) 



Time-reversal invariance is the only symmetry requiring an antiunitary operator 
[see, for example, Schiff (1968), Martin and Spearman (1970), and Messiah 
(1962)], and so here we take U to be unitary. For our two-element group, we have 

U 2 = 1, (2.34) 

and, since U is unitary, it must also be hermitian. Thus, U itself is an observable 
conserved quantity [cf. (2.7)], and its eigenvalues are conserved quantum num- 
bers. If p is an eigenvalue of U corresponding to eigenvector | p), then 

U 2 \p) =p 2 \p). (2.35) 

From (2.34), p 2 = 1, and so the allowed eigenvalues are p = ±1. Invariance of 
the system under the symmetry operation g (for example, space inversion or 
particle- antiparticle conjugation) means that if the system is in an eigenstate of U 
(with U = P or C), then transitions can only occur to eigenstates with the same 
eigenvalue. We see that the eigenvalues of U are multiplicative quantum numbers. 
By contrast, the eigenvalues of the commuting generators of SU(n ) are additive 
quantum numbers. 

Strong and electromagnetic interactions are invariant under both P and C, 
whereas weak interactions do not respect these symmetries. However, to a good 
approximation, weak interactions are invariant under the product transformation 
CP (see Chapter 12). 
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Isospin arises because the nucleon may be viewed as having an internal degree of 
freedom with two allowed states, the proton and the neutron, which the nuclear 
interaction does not distinguish. We therefore have an SU(2) symmetry in which 
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in that the isospin generators satisfy 

l'rh]=‘ 



jkl 



i, 



(2.36) 



[cf. (2.13)]. In the fundamental representation, the generators are denoted 7 ; = ^t ( , 
where 




are the isospin version of the Pauli matrices (2.23). They act on the proton and 
neutron states represented by 




In general, the most positively charged particle is chosen to have the maximum 
value of / 3 . 



2.7 Isospin for Antiparticles 



The construction of antiparticle isospin multiplets requires care. It is well il- 
lustrated by a simple example. Consider a particular isospin transformation of the 
nucleon doublet, a rotation through m about the 2-axis. We obtain [see (2.26)] 



I P j = £-'^(t 2 /2)/ P | 
In'/ UJ 




(2.38) 



We define antinucleon states using the particle- antiparticle conjugation oper- 
ator C, 



Cp = p, Cn = n. 
Applying C to (2.38) therefore gives 



P =[° -1 V P 

n '/ \1 0 An 



(2.39) 

(2.40) 



However, we want the antiparticle doublet to transform in exactly the same way 
as the particle doublet, so that we can combine particle and antiparticle states 
using the same Clebsch-Gordan coefficients, and so on. We must therefore make 
two changes. First, we must reorder the doublet so that the most positively 
charged particle has / 3 = + {, and then we must introduce a minus sign to keep 
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1 0/1 P 



(2.41) 



That is, the antiparticle doublet ( — n, p) transforms exactly as the particle doublet 
(p, n). This is a special property of SU( 2); it is not possible, for example, to 
arrange an SU( 3) triplet of antiparticles so that it transforms as the particle 
triplet. 
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1 1 = 1, / 3 = l) = -pn 
/= l,/ 3 = 0>= /F(pp -nn) 
|/=l,/ 3 = — 1) = np 

|/ = 0,/ 3 = 0) = /f(pp + nn). 



(2.42) 



2.8 The Group 5(/(3) 

The set of unitary 3x3 matrices with det U = 1 form the group SU( 3). The 
generators may be taken to be any 3 2 — I =8 linearly independent traceless 
hermitian 3x3 matrices. Since it is possible to have only two of these traceless 
matrices diagonal, this is the maximum number of mutually commuting genera- 
tors. This number is called the rank of the group, so that Su T (3) has rank 2 and 
SU( 2) has rank 1. It can be shown that the number of Casimir operators is equal 
to the rank of the group. 

The fundamental representation of SU( 3) is a triplet. The three color charges of 
a quark, R, G, and B of Section 1.2, form the fundamental representation of an 
SU( 3) symmetry group. In this representation, the generators are 3x3 matrices. 
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taken to be 



*3 = 



) ^/l 

— 1 , ^8 = Vi 1 

0 \ -2 



(2.43) 



with simultaneous eigenvectors 



1° 

B = 0 



These base states R, G, B are plotted in Fig. 2.3 in terms of their X 3 , \ 8 
eigenvalues. The figure also shows how the remaining six generators give the 
analogues of the “step-up” and “step-down” operators of SU( 2). With this 
numbering of the A ( matrices, X v X 2 , X 3 correspond to the three Pauli matrices 
and thus they exhibit explicitly one SU(2) subgroup of SU(3). The A, are known 
as the Gell-Mann matrices. 

EXERCISE 2.8 Obtain the matrix representations of the A ( of Fig. 2.3. 



h. i'l = fY f hi. 

9 1 * / i / i j’i' A 

L z zj T 1 



(2.44) 




AA 



Cirmmahnar n*t#1 F ^ 

AHiiivu ita mm yuai ivs 



2^1 1 ,r 2> 







<4 


■ 



X 

,v 8 



t 

y(*i ±ix 2 ) 




Fig. 2.3 The action of the generators ( t , and A,-) on fundamental representations of 
SU(2) of isospin and SU(3) of color, respectively. 



tiilK; 
lul V 



uuuu 



where the SU(3^ structure rnnctantc / . 

V / Jfcv *“ J l j !i — J “ A * **'***'' iV UUUV1 

interchange of any pair of indices (see exercise 14.9) and the nonvanishing 
values are permutations of 



/l23 /458 ~ f 61% ~ l/3/2, 



f. - = f. . = f = f = f - f 
■'14/ J 16S J 246 J 257 J 345 — 7376 



1 

2 ■ 



2.9 Another Example of an SU( 3) Group: Isospin and Strangeness 

In 1947, the pion was discovered, and from that date on, the nucleon lost its 
unique role in particle physics. Subsequently, many more strongly interacting 
particles (hadrons) have been identified. Some of the new particles were surpris- 
ingly long-lived on the time scale of strong interactions, despite being massive 
enough to decay into lighter objects without violating the conservation of charge 
or baryon number. For instance, a 2“ is readily produced by the strong 
interaction it p -> K + 2~ and yet decays only weakly via nw”. The con- 
trast to a typical strong decay, A -» nn ■, was emphasized in Section 1.6. Gell-Mann 
and, independently, Nishijima, took this as a manifestation of a new additive 
quantum number, which was called “strangeness,” S. They assigned to each 
hadron an integer value of strangeness, 



© 

II 

03 


’f.N, A, 


5=1: 




S = - 1 : 


A, 2,... 



with S for their antiparticles, and they asserted that strong and electromagnetic 
interactions are forbidden unless S is conserved by the reaction. Gell-Mann and 
Nishijima’s proposal immediately accounts for the strong production and the 
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weak decay of the 2. Indeed, in the reaction it n — > K + 2 both the initial and 
final states have a total strangeness S' = 0 [see (2.45)]. The 2-particle can 
therefore be produced by the strong interaction. It could also decay via the strong 
interaction 2~ -* A m~ if it were not for the fact that the A is too heavy so that the 
strangeness conserving decay is kinematically forbidden. The 2~ can only decay 
by the strangeness- violating weak interaction 2“-> mt~, thus “explaining” its 
Ion? lifetime fsee Section 1.6V The Gell-Mann and Nishiiima scheme was con- 

G> ” \ --- ----- - / • - -- -■ ■■ -• - *1 --- 

firmed by observations of the properties of the large number of strange particles 
that were subsequently discovered. 

With the existence of a second additive auantum number 5. in addition to L . it 
was natural to attempt to enlarge isospin symmetry to a larger group, namely, a 
group of rank 2. This new symmetry group had to naturally fit the hadrons with 
similar properties into its multiplet representations. This task was relatively easy 
for the 517(2) group of isospin: the neutron and proton, which are almost 
identical in mass, are nicely accommodated in an SU(2) doublet. However, no 
strange particles exist that are close in mass to the nucleon, so the appropriate 
grouping is difficult to identify and the choice of group far from obvious. 517(3) 
was originally proposed in 1961: we shall see (Fig. 2.8) that it groups the 
n, p, 2 + , 2°, 2", A, H°, and E _ , with a mass spread of nearly 400 MeV, into an 
SU( 3) octet representation. Moreover, the lightest mesons are also fitted into an 
octet, with the K- meson belonging to the same representation as the much lighter 
it (m K > 3 m„\). It is clear that the extra symmetry linking strange and non- 
strange particles is much more approximate than is isospin. Not until 1964 was 
56/(3) symmetry firmly established. The 56/(3) multiplet structure of the so-called 
“elementary” particles was reminiscent of the grouping of chemical elements in 
Mendeleev’s table. Like the periodic table, the 5 17(3) classification strongly hinted 
at the existence of a substructure. The role of the 56/( 3) group of isospin and 
strangeness is mostly historical: it set the scene for the entry of quarks into 
particle physics. 

With hindsight, we now realize that the success of SU( 2) isospin symmetry is 
due to the essentially equal mass of the u,d quark constituents. However, SU( 3) 
incorporating the heavier s quark is not such a good symipetry; rather, we use it 
to enumerate the hadronic states. We call this “flavor 517(3),” u, d, s being the 
three lightest flavors of quark. It is completely unrelated to “color SU( 3),” which 
is believed to be an exact symmetry of fundamental origin (see Chapter 14). 



QUARK “ATOMS” 

According to the quark model, all hadrons are made up of a small variety of more 
basic entities, called quarks, bound together in different ways. The fundamental 
representation of 56/(3), the multiplet from which all other multiplets can be 
built, is a triplet. This basic quark multiplet is given in Fig. 2.4; also shown is the 
antiquark multiplet in which the signs of the additive quantum numbers are 
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|/=l,/j-l) = -ud 

\I = 1, / 3 = 0) = /f (uu - dd) 

|/= l,/ 3 = -1)= du, 

|/ = 0, /, = 0) = vT(uu + dd). 



(2.47) 



For three flavors of quarks, q = u, d, or s, there are nine possible qq 
combinations. The resulting multiplet structure is shown in Fig. 2.5b and is 
readily obtained by superimposing the center of gravity of the antiquark multiplet 
on top of every site of the quark multiplet, Fig. 2.5a. The nine states divide into 
an SU( 3) octet and an SU( 3) singlet; that is, under operations of the SU(3) 
group, the eight states transform among themselves but do not mix with the 
singlet state. This is the extension to SU( 3) of the familiar separation (2.31) or 
(2.47) of suay 

Of the nine qq states, we note that three, labeled A, B, and C on Fig. 2.5, have 
/ 3 = Y = 0. These are linear combinations of uu, dd, and ss states. The singlet 
combination, C, must contain each quark flavor on an equal footing; and so, after 
normalization, we have 

C = /f(uu + dd + ss). (2.48) 



State A is taken to be a member of the isospin triplet (du, A, - ud) and so 

A = {^(uu - dd), (2-49) 



see (2.47). By requiring orthogonality to both A and C, the isospin singlet state B 
is found to be 



B = (uu + dd - 2ss). 



U-50J 



Like any quantum-mechanical bound system, the qq pair will have a discrete 
enerev level snectrum corresDondine to the different modes of ad excitations. 

X X W A A. 




Fig. 2.5 The quark content of the meson nonet, 
showing the SU( 3) decomposition in the / 3 , Y plane. 





rotations, vibrations, and so on. These must correspond to the observed meson 
states. Even in the absence of knowledge about the potential which binds the 
quark to the antiquark, the model is very predictive. Recall that the quark has 

snin T and sn the total intrinsic cinin of th#» no nuir r>an V»p C = 0 r\r 1 
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spin J of the composite meson is the vector sum of this spin S and the relative 
orbital angular momentum L of the q and q. Moreover, the parity of the meson is 

f--(-l) 1- (2.51) 

where the minus sign arises because the q and q have opposite intrinsic parity [cf. 
(5.63)], and ( — 1 ) ^ arises from the space inversion replacements 6 — > tt — 0 
<t> -> <f> + it in the angular part of the qq wavefunction Y LM (6 , <f>). A neutral qq 
system is an eigenstate of the particle- antiparticle conjugation operator C. The 

Value Of C 7 can be deduced bv n <—> O anH then intprf'tuinoino tVif»ir r»r\citirvne ctrtA 

- - — J ****** W**w*i0i**g ^/VUllrAVAitJ UAiU 

spins. The combined operation gives 

C= -(-1) S+1 (-1) L = (-1) L+S (2.52) 

where the minus sign arises from interchanging fermions, the (-l) s+1 from the 
symmetry of the qq spin states [see (2.1)], and the (~\) L is as before. Here S is 
the total intrinsic SDin of the aa nair. 

i ■ ’i’i i 

The allowed sets of quantum numbers for the ground (L = 0) and first (L = 1) 
excited states are shown in Table 2.2, together with the observed candidate meson 
states. In each nonet, there are two isospin doublets (see Fig. 2.5). For example, in 
the J p = 0“ nonet, we have 



K°(ds), K + (us) 
K~(su), K°(sd) 



with Y = 1 
with Y = -1. 



(2.53) 



These pseudoscalar mesons form an octet along with the 7=0 isotriplet (the 
vr + , v/°, 7 t~ states) and the 7=0 state (the tj meson). The SU( 3) singlet state is 
identified with tj' meson, see Table 2.2. 



TABLE 2.2 

Quantum Numbers of Observed Mesons Composed of u, d, and s Quarks 
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and (2.48), are found to mix with one another so that to a good approximation 
the physical particles are those made entirely from strange and nonstrange 
quarks. For example, in the vector (1“) nonet, 



<f> ~ ss, co * {{ (uu + dd). 



(2.54) 



Note that, in general, the physical neutral qq states correspond to orthogonal 
quantum-mechanical superpositions of the singlet and the 1 = 0 neutral octet 
states, which have indeed identical quantum numbers. For example, although we 
said above that the observed 7] is an octet state, there is in fact a small singlet 
admixture. 

With reference to Table 2.2, we should add that we would not have expected L 
and the spin S to be good quantum numbers. However, parity conservation 
forbids the mixing of even and odd L states, and then C conservation requires the 
spin S to be unique. This leaves the possibility of mixing only for S' = 1 states for 
which L differs by two units. 

The L = 1 states of Table 2.2 are examples of orbital excitations. The typical 
excitation energy is about 600 MeV. Just as in positronium, we would also expect 
radial excitations; for example, a repeat of the L = 0 nonets at a higher mass. 

The random names attributed to the observed states of Table 2.2 are relics of 
the past, when experimenters had the difficult task of identifying mesons and 
determining their quantum numbers. However, there is no doubt that the success 
of the quark model predictions is impressive; all established mesons lie within the 
expected qq multiplets. Before about 1971, when the first good data with high 
enough resolution to provide direct evidence for quarks became available, tests of 
this type were the principal basis for accepting the quark hypothesis. 



EXERCISE 2,9 Make use of (2.54) and (2.53) to predict the decay modes 
and branching ratios of the <£-meson (mass 1020 MeV). Comment on the 
width of the resonance. 

EXERCISE 2,10 Explain why a particularly good way of identifying 
mesons coupled to the w-channel is to study the reaction ttN ( 77 - 77 - )N at 
high energies. Show that I + J must be an even integer for these mesons. 

In passing, we should note that particles that decay by strong interactions do 
not live long enough to leave tracks in an experimentalist’s detector. Rather, they 
are identified by tracking their decay products. The mass of the decaying particle 
is the total energy of these products as measured in its rest frame. Due to its short 
lifetime, the uncertainty in its mass (~ h/St) is sufficiently large to be directly 
observable. For example, the A is formed and rapidly decays in ttN scattering, 
7 tN -» A -» ttN. Such an unstable particle decays according to the exponential 
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law 

l'HO| 2 =l<K0)|V r ', (2.55) 

where t = 1/T is called the lifetime of the state. Thus, the time dependence of 
xp(t) for an unstable state must include the decay factor T/2; that is, 

where AT is the rest mass energy of the state. As a function of the center-of-mass 
energy E of the 7 tN system, the state is described by the Fourier transform 
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The experimenter thus sees a wN reaction rate of the form 

lx(£)l 2 = 



{E- M) 1 +{T/2)- 



(2.56) 
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This function has a sharp peak centered at M with a width determined by I\ 
Equation (2.57) is called a Breit-Wigner resonance form, and M and T are known 
as the mass and width of the resonance, respectively. In a detailed resonance 
analysis, the form (2.55) will include kinematic factors. For instance, resonance 
DTOduCtion and dft(^3V nft3r tlirpslirtirl a rA inliilxifarl Kn nVmra i 
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width is suppressed by kinematic factors. 



1.11 Three-Quark States: Baryons 

The flavor SU( 3) decomposition of the 27 possible qqq combinations is more 
involved than that for rnes™"*^* TlPVf^rt h<=»l<=»cc t nnorl’ 
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readily obtained using the same techniques. We first combine two of the quarks. 
Figure 2.6 shows that the nine qq combinations arrange themselves into two 
SU(3) multiolets. 

>. f X - > 

3 % 3 = 6 © 3, (2.58) 

where the 6 is symmetric and the 3 is antisymmetric under interchange of the two 




Fig. 2.6 The qq SU( 3) multiplets; 3 ® 3 = 6 © 3. 
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auarks. The quark content of the nonstrange sector is found by combining the 
two (d, u) I - spin doublets. It is explicitly shown on the figure and simply repeats 
eqs. (2.2), with the substitution n d, p -> u. The quark content of the other 

states is found in exactly the same way. For example, we combine two (s,d) 
doublets to obtain the states in the s, d sector. The state on the line linking the dd 
and ss states in Fig. 2.6 is (ds + sd)/ /2 . We talk of combining U - spin doublets, 
and in the u, s sector we speak of K-spin. The mathematics of I, U , and V spin are 
identical, all based on the SU(2) group, which also underlies the description of 
ordinary spin. In fact, we shall see that almost all the SU( 3) structure that we 
require can be obtained simply by successive application of SU( 2). 

We are now ready to add the third quark triplet. The final decomposition, 

3 €> 3 ® 3 = (6 ® 3) 0(3 ® 3) 

= 10 © 8 0 8 0 1, (2.59) 

is displayed in Fig. 2.7. As an example, we form the three “ uud” combinations 
whirh are. denoted A. n„. and o, on the figure. Combining the nonstrange member 

— — 7 rt)7 - i /i w ^ w 

of the 3 (see Fig. 2.6) with the u quark of the 3, we have immediately 

p A = {\ (ud - du)u. (2.60) 

The decuplet states are totally symmetric under interchange of quarks, as evi- 
denced by the uuu, ddd, and sss members. The symmetric combination of “ uud” 



A = {\ [uud + (ud + du)u] . (2-61) 

Reauirine orthoeonalitv of the remaining “ uud” state to both and A gives 
A ^ ^ ^ ^ * '■ 

V s = [(ud + du)u - 2uud] . (2.62) 
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us that they have symmetry and antisymmetry, respectively, under interchange of 
the first two quarks. The quark structure of the other states can be readily 
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Fig. 2.7 The qqq SU( 3) multiplets; 3®3®3 = 10 08080 1. 
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EXERCISE 2,11 Write down the quark composition of the three “dds” 
states. 

EXERCISE 2,12 Determine the structure of the six “uds” states. In 
particular, show that the SU( 3) singlet state is the completely antisymmetric 
combination 



(qqq) sin gi et = (uds — usd + sud — sdu + dsu — dus). (2.63) 



In the ground state, the baryon spin is found simply by the addition of three 
spin-^ angular momenta. Writing the decomposition in terms of the multiplicities 
of the spin stales, we found [see (2.32)] 



2®2®2 = (3®1)@2=4® 
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T a 1 
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M s M a 



(2.64) 



or, in other words, baryon spin multiplets with S = J, The subscripts on the 
mixed symmetry doublets ( M s , M A ) indicate that the spin states are symmetric or 
antisymmetric under interchange of the first two quarks. The four S = \ spin 
states are totally symmetric. 

Note that in deriving eqs. (2.60)-(2.62), we were working in the SU( 2) isospin 
sector of SU(3). We can therefore apply these results directly to SU( 2) spin if we 
make the replacements u -> f and d -» |. Using this analogy, we immediately 
obtain the composition of the spin “ up” state belonging to each of the three spin 
multiplets 

x(s)= /F(T T I + T I T + 1 T T) 
x(M s )= vT( T J- T + 4. T T — 2T T i) (2.65) 

x{M a ) = /f(T l T - ITT). 



To enumerate the baryons expected in the quark model, we must combine the 
SU( 3) flavor decomposition of (2.59) with the SU( 2) spin decomposition of (2.64), 



(10 + 8 + 8 + 1), (4+2+2) 



s m s m a a 



S M s M a . 



( 2 . 66 ) 



Considering the product symmetries, we are led to assign the (SU(3), SU(2)) 
multiplets to the following categories: 

5: (10,4) + (8,2) 

M s : (10, 2) + (8,4) + (8,2) + (1,2) 

M a : (10, 2) + (8,4) + (8,2) + (1,2) 

A : (1,4) + (8,2) 



(2.67) 
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where, for example, the totally symmetric ( 5 ) octet arises from the combination 



VT [(8. 2) +(8,2)]. 

M s , M s M a , M a 



( 2 . 68 ) 



The lowest-mass baryons fit neatly into the symmetric spin-| decuplet (10,4) and 
the spin-i octet (8,2) (see Fig. 2.8). 

This symmetry of the ground state poses a problem, however. For example, a 
A ++ of / 3 = \ is described by the symmetric wave function 

uT u| uT , (2.69) 

whereas we expect antisymmetry under the exchange of identical fermion quarks. 
As noted in Chapter 1, the explanation is that the quarks possess an additional 
attribute, called color, which can take three possible values, R, G, or B. The 
quarks form a fundamental triplet of an 5(7(3) color symmetry which, unlike 
SU( 3) flavor, is believed to be exact. All hadrons are postulated to be colorless; 
that is, they belong to singlet representations of the 5t/(3) color group. The color 
wavefunction for a baryon is therefore [compare (2.63)] 

(qqq)cd. single. = t/F (RGB - RBG + BRG - BGR + GBR - GRB). 

(2.70) 

The required antisymmetric character of the total wavefunction is achieved; it is 
overall symmetric in space, spin, and flavor structure and antisymmetric in color. 
As the color structure of (2.70) is common to all baryons, we suppress it from 
now on, but remember to select only overall symmetric representations of 
snace X snin X flavor. 

~L "I" 

A relevant example of an explicit quark model wavefunction is that for a 
spin-up proton. From (2.68), 

|pt> = v'T(PsX(^x) + VaX{ m a))> 
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where the flavor and snin mmnnnenK arp oivpn hv (0 f\C\\ 

- -- ~I 1 O' "J V— .w f 

Thus (omitting an irrelevant overall minus sign), we have 



n 

\ --•''-‘-/I 



n 



\P T > = fk [uud( TIT + i T T — 2 T T i ) + udu( TT1 + ITT - 2 T ! T ) 



+ duu( TTT + TTi - 2|TT)] 

= V / A[ u T u ldT + ujuTdT — 2uTuTdj + permutations]. (2.71) 



EXERCISE 2.13 Construct the quark model wavefunctions |pl), |nT), 
and | n i ). The charge operator is defined as 0 = Y.O., where 0. are the 

charges of the quarks in units of the proton charge e . The sum is over the 
constituent quarks of the hadron. Show that 

<P T |£?|p T > = <Pll2lPi> = 1 

(n T |(?|nT ) = <n | | Q\n J, > = 0. 



EXERCISE 2.14 Express the ?r + -wavefunction in terms of the spin, flavor, 
and color of the component quarks. 

EXERCISE 2.15 Convince yourself that the photon is a U - spin scalar; 
that is, U = 0. By inspection of Fig. 2.8, show that if SU{ 3) flavor symmetry 
were exact, the electromagnetic decay 2*(1385) 2 y is forbidden, 

whereas 2*(1385) + -> E + y is allowed. 



I Vi P t AA nilOfbr Um m rf a**/\ /\«>K nl n m Ah 1a« A.. A _ A _ 1 

a Linvv nav^Luuuiuuai anguiai uiunicn tuiii m giuuiiu-suue oaryons- 

That is, / = /' = 0 in Fig. 2.9, and so the parity of the state, ( - 1) / + / , is therefore 
positive. The first excited state has either / = 1, /' = 0, or / = 0, /' = 1; in fact, it 

1C Q r'AmKinatinn f tkfl niUiVk nrUan ,1 1 , 

«. wniuiiiuuvii vj-i iii^ ivyv^ YYinvii, wiic,n cuiiiumcu wmi me miAcu symmeiry 
multiplets of (2.67), gives a totally symmetric space, spin, and flavor wavefunc- 
tion. That is, the first excited state is predicted to contain (1 + 8 + 10) flavor 

milltinlptc /"I f C 1 Knriirtni' nn^ nn C ^ . T /I /"1\1 T^l 

v /1 CJ — 2 uui y C7HO and an l<-l Ul J - l uaiyuilS [SCC 1 TICSC 

spins combine with L = 1 to give 



Multiplets 1 , 8 , 10 with J p = 5 and J p = % 
Three octets with J p = ^ ^ . 




Fig. 2.9 Orbital angular momenta, / and /', of qq and (qq)q systems, 
respectively. 
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Impressive agreement with the observed baryons with masses around 1600 MeV is 
again found. 

EXERCISE 2,16 The L = 1 baryons are most easily identified as reso- 
nances in 77 N elastic scattering. Show that the relative orbital angular 
momentum, L', between the m and the N is a good quantum number, and 
that it is even for resonances of negative parity. Use the quark model to list 
the isospin, spin, and V of the ttN states expected in the first excited level. 
Identify these resonances in the particle data tables. 



2.12 Magnetic Moments 



The calculation of the charge in Exercise 2.13 can be repeated for the magnetic 
moments of the hadrons. The magnetic moment operator is E, /a,(o 3 ),, where the 
summation is again over the constituent quarks. According to the accepted 
convention, the operator is evaluated between states with Mj = +J. Now the 
magnetic moment of a point-like spin-^ particle of charge e is e/2 m (see 
Chapter 5). Thus, a structureless quark of charge Q f e and mass m l has magnetic 
moment 



^ = Q ‘ isr 



(2.72) 



Hence, in the nonrelativistic approximation, we may write the magnetic moment 
of the proton as 

3 

M. - E <PT |ft;(f 3 ),|pT>. 



Using the explicit wavefunction (2.71), we obtain 

Vp = + Mj +(“/*„ + + Mrf) + 4 ( 2 M u “ Hd)} x 

where the factor 3 takes care of the “permutations.” The magnetic moment of the 
proton in terms of the component moments is therefore 






1 / A.. 

3 Wu 



Mrf)- 



/-I 



The neutron magnetic moment is obtained by the interchange of u and d, 

~ /*„)• 

In the limit that m u = m d , we have, from (2.72), 

2fi d (2.74) 

and so the quark model prediction is 

Mrt _ 2 

rp 

This agrees quite well with experiment: 






(2.75) 



Vp 
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EXERCISE 2.17 Determine the magnetic moments of the other members 
of the J p = { + baryon octet in terms of p p and compare with the measured 
values. 



EXERCISE 2.18 The spin-flavor wavef unctions of the ground- state 
baryons are symmetric, and color was invoked to recover the required 

/>lvsro^tdr Vah cl^Anlrl r\AfiAA h A\i 7 A\/Ar onrl cnmA nAAnlA rli rl 

Ull llO j llllilV u iv V11U1UVIV1 * X V/U OllV/UlU ll\j» LIVVf il vnvwi) UiiU OV111V pwpiv U 1 X *5 

that we can construct a totally antisymmetric proton wavefunction, for 
example, 

IPt) = {I [P aX{M s ) ~ P S X (■»*,)], 



and forget about color! Write this function in an explicit form, comparable 
to (2.71). Obtain | n t ), and hence show that 

-2. 

So this option is ruled out by experiment. In fact, glancing at your 
derivation, you will notice that p p is negative. It is measured to be positive. 
Long live color. 



EXERCISE 2.19 Prove that the quark model relations for the magnetic 
moments of the p ± mesons are 

M P += - M P = Mp- 



EXERCISE 2.20 Use the quark model to calculate the amplitude for the 
radiative decay w 77-°y. The w and 7 r° belong to the J p = 1 _ , S' = 1 and 



z 
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A = +1 



M J m + 1 



IT 
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Fig. 2.10 The radiative decay to — > 7 T°y. 




-1 11 u r» 1 — n. i n ■ 

i.. ivi xxcttTj yuai ivs. vauuui aiiu Dtyuiiu 



en 



/ 



the J p = 0 _ , S = 0 nonets, respectively. We therefore require a quark spin 
flip (magnetic dipole) transition. This will involve the quark magnetic 
moment operator. 

First, assume (2.54) and obtain the spin-flavor wavefunctions for an w 
with Mj = 1 and for a tt 0 . If the z axis is chosen as in Fig. 2.10, show that 
the required amplitude is 



£ = 1)) = -v'T E (w°|M/(w_) f |w(M y = 1)) 

i = l,2 i-l,2 



Pd ~ Pu 



where e R = — {\ (1, /, 0) is the polarization vector of the emitted (helicity- 

„ „U _ — 

lit ) pilf If 11 OllU u — 

flips” the quark spin. 
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7T y, 
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and predicts that 



Rate((o -> g°y) = / » d - p„ \ 2 = g 
Rate(p -> 7r°y) XPd + Pul 



2.13 Heavy Quarks: Charm and Beyond 

The discovery in November 1974 of a very narrow resonance, called xp, in e + e“ 
annihilation near a center-of-rnass energy of 3.1 GeV, followed two weeks later by 
the appearance of a second narrow resonance, xp', at 3.7 GeV, can rightly be 
called the “November revolution.” Independently, a group of experimentalists 
discovered the i/'-p article by producing it in proton- proton collisions. They called 
it J, and it is therefore often referred to in the literature as the J/xp particle. 

The xp and xp' were immediately interpreted as the lowest bound states of a new 

n 11 n **Lr rt Vk s -1 iff 1 rt -*1 4 - 1 11 n «*1 r rtrt I ' 1 % « n m t nh rt a m 1 r a 1 * a 1 * a am ..A _ _ aI_ l_ 1 J _ J 

vjuaiA aim ilo aiiii4uaiiv, niid new enaiiueu queur^ e, nau uccn I 1 IUCI 1 lldciiueu. 

As we shall see in Chapter 12, the existence of another quark of charge + § had 
long been needed in the theory of the weak interactions of hadrons (cf. the GIM 
mechanism). 

As the total energy of the colliding e + and e - beams was increased beyond 3.7 
GeV, the cross section for e + e“-> hadrons showed complicated resonance struc- 

a *u ~ — i.. « — i,„j „ -c:a ^ i o „ .1 c 

iuic. v-x pttp aucau a 1 Lite tuiuum inairvtu c c 111 1 ig. jL.lj siiuws me hjui 

resonances identified below about 4 GeV. Above 3.7 GeV, the widths of the 
resonances become larger and more typical of hadronic decays. This phenomenon 

1 c «i ratvl rt f A . rl r / raa Ih v ar/11 ra 3 (1 \ I U a « rt rtii t n f A A 4^ a\ A a 

io a ivpuijf ui yuvvaj LiAuudv 111^ uanuw wiu.ni (n ivi^ v } ui me 

4>-meson arises because it is an ss bound state just above the KK threshold, K 
being the lightest strange meson. The decay 

<#>(ss) -» K(qs) + K(qs) 



(2.76) 
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phase space but requires annihilation of the ss pair. Nevertheless, the dominant 
decay of the $ is through the KK mode. This result is pictured in terms of quark 
lines in Fig. 2.11 and is an example of the Zweig or OZI rule which asserts that 
disconnected quark-line diagrams (Fig. 2.11a) are highly suppressed relative to 
connected ones (Fig. 2.11b). Similarly, in the case of the ^ (3.1) and $'(3.68), the 

v^rv crrmll wlHthc (f \ Q and ')') 5 rpcn*»r , tiv<*1v'l tVi^v arp rn hrmnd 

■ — j • * — — v — — • i r""*' — ' " j r ™ -“-v *** ~ 

states below the DD threshold, where D is the lightest charmed meson. Hence, 
their hadronic decays $ -* mmm, and so forth, require annihilation of the cc pair 
(Fig. 2.11c). The larger hadronic-type widths of the higher x^-states are attributed 
to the allowed decay 



^(cc) -» D(qc) + D(qc) (2.77) 

with q = u, d (see Fig. 2.1 Id). Thus, we expect the kinematic threshold for DD 
production to lie somewhere between the $'(3.68) and the $''(3.11). We therefore 
predict the mass of the D meson to be m( D1 > 3.7/2 = 1.85 GeV. 

i \ S *** f - - - - - • - 

Just like the introduction of strangeness S, we assign an additive quantum 
number C = + 1 to the c, c quarks, respectively, and C = 0 to the lighter quarks. 
The c quark has charge Q = + \ and isospin 1 = 0, and so we should update the 
relations of Table 2.1 to read 



Y = B + S + C, Q = h + i Y. (2.78) 

We show the basic quark multiplet in Fig. 2.12, together with the antiquark 
tetrahedron. Now that we have basic building blocks, we can repeat our proce- 





(c) 

Fig. 2.11_ Suppressed decay modes <#>(ss), $(cc) 
$" - DD. 
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constructed as in Fig. 2.12; the mesons shown in parentheses are members of the 
lowest-lying (J p = 0 ) multiples Charmed members have been observed, with 
masses 

m(D) = 1.86 GeV, m(F) = 1 .97 GeV. (2.79) 



Charmed mesons are also required to complete the other multiplets listed in Table 
2.2. The charmed states of the J p — 1 " multiplet are, not surprisingly, called D* 
and F*. The observed masses are 



m(D*) = 2.01 GeV, m(F*) = 2.11 GeV 



EXERCISE 2.22 According to weak interaction theory, the dominant 



■ 4 a4i rt i 



p / /\r 

3 anu / wm 



hadronic weak decay piuCccus via the quark tranbiuuLaiiuno w 
U <-> d (see Chapter 12). For example, an allowed charmed meson decay is 
cu -* sd(uu). 
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D° K 7T + and 
are allowed decay modes, but that 



K. IT + IT + IT 



D° -* 7 r + 7r~, K + K , K + tt“, and K + 7r“7r + 7r“ 

are all forbidden. Further, show that D + ^ K ^tt + it + is an allowed weak 
decay, but that D + -> K + 77- + 7 t“ is forbidden. This distinctive feature of D + 
decays was in fact convincing evidence in the first ever observation of a 
charmed particle in 1976, some 18 months after the revolutionary discovery 
of the “hidden” charm state ^(cc). 



Each meson multiplet contains a state, cc, of “hidden” charm. Tor the J' = 0 
and 1 multiplets, it is i? f (2.98) and the original ^(3.1), respectively. The states of 
the bound cc system can be compared with those of positronium e + e .We speak 



of “charmonium." It is a particularly 




Fi q . 2.12 The 16 meson states made from 
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u,d,s, c quarks, plotted in (A, Y\ C) space 
= 0~ multiplet are indicated. 
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can be directly piuduccd 



(e + e -»■ virtual y -* cc); and, via their decays, other charmonium states can be 



identified. The observed states are shown in Fig. 2.13, labeled in the conventional 
spectroscopic manner 25+1 L y , where S, L, and J are, respectively, the total 
intrinsic spin, orbital angular momentum, and total angular momentum of the cc 
system. This is, of course, a nonrelativistic classification; it is the heavy mass of 

thp c nnarlf \x/hir*h mulfpc it nncciKIp tr\ ikp q nAnrAlotiwiciiA \\J ^ 

1*. Tf mvii 4iiwi^vu A*, irV UOV U 11 Vlll V1U 11 Y lOUV piVLUlU* TTV aidU 511UW 

the J PC values of the states and note that the observations coincide with quark 
model expectations. The six J pc values listed in Table 2.2 are reproduced, except 

that th^ l +_ /fir l P.\ ctill Q W7 Qltc H 1 CAA\;Pr\/ Ac in nAC i 1 rAnii 1 m rorlinl nr iitJ 1 

* * * 1/ ^ WkAAA 4*TT WXtU UllJW ▼ M- J « J 111 pV/Jlll V/lllUllI^ 1 UUiai CIO WW1 

as orbital excitations are expected. In fact, the 2 3 S and 3 3 S excitations are seen 
directly as resonances in the cross section for e + e~-» hadrons (see Fig. 2.13). 



GeV 




Fig. 2.13 The observed charmonium spectrum. The 
transitions shown have all been observed. The l P 1 and 
2 1 S states await discovery. The particle widths are 
shown by shaded bands. The dot-dash line shows the 
DD threshold; states below this line cannot decay into 
charmed mesons. The states with J pc = 1~~ can be 
directly produced by e + e~ collisions. 
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EXERCISE 123 The decay 

t^'(3.7) -* ^(3.1) + hadrons 
is observed. What are the hadrons? 

EXERCISE 124 Mark on Fig. 2.13 the expected radiative transitions 
between the levels, indicating which are electric and which are magnetic 
dipole transitions. 

Justify that the rates for the radiative transitions from ^'(3.7) to the three 
X-levels, 3 P y , with J = 2, 1,0, are proportional to (27 + 1 )& 3 , where k is the 
momentum of the emitted photon. Hence, show that the branching ratios of 
these decay modes of \p' are approximately equal. 

EXERCISE 125 The leptonic decay of neutral vector ( J PC = 1 ) me- 

sons can be pictured as proceeding via a virtual photon, 

V(qq) -* y -* e + e“. (2.80) 

The technique for calculating such amplitudes will be explained in succeed- 
ing chapters. Here, it suffices to note that the V-y coupling is proportional 
to the charge of the quark q. Neglecting a possible dependence on the vector 
meson mass, show that the leptonic decay widths are in the ratios 

p : to : (f> : \p = 9 : 1 : 2 : 8. 



EXERCISE 2.26 Comment on the rate you would expect for the e + e~ 
decay mode of the 3 Zq state as compared to the y'(3.7) state. Can these two 
states mix? 



EXERCISE 127 The hadronic decay widths of tj c and y(3.1) are esti- 
mated using 



7j c (cc) — > ► «g -* hadrons 

\p(cc) -* n ' g -* hadrons, (2.81) 

where g is a gluon and n and n' are integers. These are QCD analogues of 
the QED process of (2.80). Show that the minimum values of n and n' are 2 
and 3, respectively. 

Properties of the potential between the c and c can be inferred from the 
charmonium spectrum. In Chapter 1, we noted that at small c and c separations, 
QCD predicts a Coulomb-type potential — a s /r , but that at large separation r, we 
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expect a confining potential which increases with r. A glance at the IS, 2 S, and 
the “center of gravity” of the P levels of Fig. 2.13 shows that the potential is in 
fact somewhere between Coulomb (which has 2 S and P degenerate) and an 
oscillator potential V ~ r 2 (which has the P level halfway between IS and 2 S). A 
naive potential, which is phenomenologically rather satisfactory, is 

K(r)=-4 — + ar (2.82) 

' ' J r v 

where a is a constant parameter and § is the color factor associated with the 
quark-gluon coupling a s [see (2.98)]. 

Let us now repeat the steps of constructing baryons, but this time include the c 
quark. Combining three basic quark multiplets, we find that the analogue of 
(2.59) is 



4 ® 4 ® 4 = 20 © 20 © 20 © 4. 



(2.83) 
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Rather than to derive this decomposition, it is better at this stage to use the 
elegant techniques of group theory (Young tableaux); see, for example. Close 
(1979). Including spin, (2.64), we can as before form the required symmetric 
spin-flavor ground state in two ways: either the symmetric 20 with a symmetric 
spin § or a mixed-symmetry 20 with spin { constructed in exact analogy to (2.68). 
Extracting the flavor multiplets from a superposition of three basic (quark) 
tetrahedra leads to the ground-state baryons of Fig. 2.14a. 

The spin- { multiplet can be viewed as three SU( 3) octets propping each other 
up and based on the edges of a fourth SU(3) octet. In fact, we do not need the 
elegance of group theory to enumerate the states. For example, the C = 1 spin-^ 
baryons are cqq composites with q = u, d, or s. The qq decomposition is given in 
(2.58), namely, 



3 <8> 3 = 6 © 3, 



^ „ j * u „ „ u 'i i a u r ri * ~i i i .l, v 
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isospin triplet and The observed masses are 

m(A c ) = 2.28 GeV, m(2 c ) = 2.44 GeV. 



(2.84) 



EXERCISE 2.28 Determine the flavor wavefunctions of the A c and 2 C 
baryons. Give an observable decay sequence of S ( 7 + . 

The c quark was desired theoretically. The same cannot be said of the b quark. 
Evidence for this fifth quark came in a replay of the charmonium phenomenon in 
the e^e“ energy region around 10 GeV. Four e + e resonances were quickly 
identified: T(1S), T(2 A), T(3S), and T(4S) with masses of 9.46, 10,02, 10,35, and 
10.57 GeV, respectively. The first three states are narrow and the fourth is much 
wider. The lightest meson (bu or bd) with explicit beauty is therefore expected to 
have mass m(D b ) ~ 10.4/2 = 5.2 GeV [cf, (2.77)]. 
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<b} = 1 Spin ~ baryons: 6 + 3 





Fig^ 2.14 (a) The spin- J and spin-i ground-state baryons made from u,d, s, c quarks, 
with the SU( 3) multiplicities of the C = 0,1,2, 3 states shown in parentheses, (b) The 
C = 1 spin-i baryons (6 + 3) and their quark content with q = u, a. 



2.14 Hadron Masses 

If SU( 4) flavor symmetry were exact, all members of a given SU(4) multiplet 
would have the same mass. This is manifestly not the case. For example, within 
the 1 “ meson multiplet, we have 

m u ~ m p (uu) = 0.78 GeV 

m t ( ss) = 1.02 GeV 

w^.fsu) = 0.89 GeV 

wi D .(cu) = 2.01 GeV 

m r .fcsl = 2.11 GeV 

/• V / 

m^fcC) = 3.1 GeV. 



(2.85) 
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It is true that members of an SU(2) isosnin multiset have the same mass to 

■ ■ \ / i i 

within about 5 MeV. However, u, d, s SU(3) flavor symmetry is broken by mass 
differences of the order of 100 MeV, and S' 6/(4) flavor symmetry by considerably 
greater than 1 GeV. Indeed, if we attribute the mass of a hadron to simply the 
sum of the masses of the constituent quarks, then eqs. (2.85) imply 

m u ~ m d ~ 0-^9 GeV 

m s * 0.51 GeV (2.86) 

m c * 1.6 GeV. 

We may use the observed magnetic moments of the baryons to obtain an 
alternative estimate of the quark masses. For example, we use the magnetic 
moment of the proton and the A to estimate m u and m s , respectively. From (2.73) 
and (2.74), we have 

| (2.79) ^ 

and so, noting (2.72), 

m n 

m u = j^ = 034GeV. (2.87) 

Similarly, the quark model prediction 

- 0 . 61 ^ 

gives m s = 0.51 GeV. The agreement with (2.86) increases our confidence that 
quarks are indeed point-like constituents with Dirac magnetic moments. 

Equations (2.86) are to be regarded as the effective masses of quarks bound 
within (color singlet) hadrons. We speak of constituent quark masses. It is useful 
to think of the constituent masses of the quark and antiquark as their zero-point 
energy when they are bound by some potential like (2.82) with an energy 
spectrum that corresponds to the masses of the observed mesons. For charm, and 
heavier quarks, it appears that the total zero-point energy is not much different 
from the masses of the lowest-lying meson states. These cc or bb states can 
therefore be regarded as essentially nonrelativistic bound states of the quark and 
antiquark. 

The success of simple quark counting in explaining the gross features of the 
b ary on and meson masses leads us to attempt to understand more detailed 
properties of the mass spectra. Why, for instance, is the A (spin i) heavier than 
the N (spin and the p (spin 1) heavier than the it (spin 0), despite having the 
same quark content? How do we account for the different masses of the neutral 
A, 2 (spin i), and 2* (spin f) baryons, even though they are each made of uds 
quarks? The differing spin configurations of the quarks offer a clue. In QED, we 
know that the forces are spin dependent. Should we therefore not expect an 
analogous result in QCD? 
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spin-spin, or magnetic moment, interaction leads to hyperfine splitting of the 
ground-state level of the hydrogen atom (or of positronium): 






( 2 . 88 ) 



where the magnetic moment u = e,a/2m. and e*e-> = — e 2 = — 47ra. This is a 

T , ■— c? r t - t - / t l ± 

contact interaction; it involves the square of the relative wavefunction evaluated 
at zero separation and so only applies to L — 0 states. For the hydrogen atom, it 
is tmlv a hvoerfine SDlittine: but for Dositronium, we see that it is enhanced try a 

— j -- — j i- - iv' * 

factor m p /m e . 
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The QED result, (2.88), can be taken over directly to QCD, provided we 
replace the electromagnetic coupling e l e 2 by the product of color charges. For 
mesons and baryons, the substitutions are 



— a 



-ja s for(qq) 

- 3 <* s for (qqq) 



(2.89) 

(2.90) 



where j and § are the appropriate color factors. We show how to compute these 
factors in a moment. 

We can now make a model for the ground-state hadron masses. We assume (1) 
that quark confinement, which is operative at large separations, is independent of 
the spins and of the masses of the quarks; (2) that at near-separation, a s is small 
enough for QCD hyperfine splitting to be relevant; and (3) that the only 
symmetry breaking arises from the different constituent masses assigned to the 
quarks of different flavors. In this scheme, the meson and baryon masses are 
therefore 



m(qiq 2 ) = m, + m 2 + [a(o 1 -o 2 )/m,m- 2 ] 



(2.91) 



m (q,q 2 q 3 ) = m l + m 2 + m 3 4- 



y £ (<VO ; )/m,m y 

i>j 



(2.92) 



where a and a ' are positive constants [see (2.88)-(2.90)]. 



EXERCISE 2.30 For the t t (spin 0) and the K* (spin 1), show that (2.91) 
gives 



m( 77 ) = m u + m d -(3>a/m u m d ) 



ra(K*) = m u + m s + (a/m u m s ). 
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Calculate the masses of all the members of the 0 and 1 
(Fig. 2.12) using 



mpsnn rrmltinlete 
1' “ 



m u — m d — 0.31, m s = 0.48, m c = 1.65, a/m 2 = 0.16, 

all in units of GeV. Compare your predictions with the meson masses listed 
in the particle data tables. 

Check that 
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m 
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where the meson names are used to denote their masses. 



EXERCISE 2.31 Show that the model gives the A heavier than the 
nucleon. Further, show that if a = a' in (2.91) and (2.92), then 

m( A) — m{ N) = \ [m(p) — m( 7r )] . 



EXERCISE 2.32 Use (2.92) to study the relative masses of the A, 2, 2*, 
A c , 2 C , and 2* baryons of Figs. 2.8 and 2.14. Each baryon is a qqQ 
composite, where q = u or d and Q = s or c. For the A and 2 baryons, 
show that the qq have isospin 7 = 0 and 7=1, respectively, and hence spin 
0 and spin 1, respectively. Use this result to evaluate S 1 *S 2 , where S, = \ a,. 
By considering (S 1 + S 2 + S 3 ) 2 , show that 



(S x + S 2 )*S 3 = 0, — 1, and + \ 
Thus, confirm that (2.92) gives 

m ( A ^ ) = m n — 

ot ( 2 q) = m o + 
m(^) = m 0 + 



for A, 2, and 2*, respectively. 
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(2.92) in terms of a' and the quark masses. 

Considering the crude nature of the model, the quantitative agreement between 
the predictions and the observed masses is impressive. Indeed, all the observed 
features are reproduced. It is straightforward to enlarge the calculation to include 
hadrons containing b quarks. 



We have already mentioned some of the evidence for color. We saw that there are 
good reasons to believe that each of the N flavors (u, d, . . . ) of quark comes in 
three colors which we called R, G, and B. To be precise, the quarks are assigned 
to a triplet of an SU( 3) color group (see Fig. 2.3). Unlike SU( N) flavor symmetry, 
SU( 3) color symmetry is expected to be exactly conserved. A glance back at Fig. 
1.4 reminds us that the gluons, which mediate the QCD force between color 
charges, come in eight different color combinations: 

RG, RB, GR, GB, BR, BG, yf (RR - GG), /i ( RR + GG - 2BB). 

(2.93) 

In other words, the eluons belong to an SU(3 1 color octet [recall the SU(3^ flavor 
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analogy of (2.49), (2.50) and Fig. 2.5]. The remaining combination, the SU( 3) 
color singlet, 

(RR + GG + BB), (2.94) 

does not carry color and cannot mediate between color charges. 

In OED, the strength of the electromagnetic coupling between two quarks is 
given by e x e 2 a, where e { is the electric charge in units of e (that is, e t , = + f or — }) 
and a is the fine structure constant. Similarly, in QCD, the strength of the 
fstronel cour>line for sinale-eluon exchange between two color charges is iCtC n a „, 

v - - - y/ x y v 

where c x and c 2 are the color coefficients associated with the vertices. It has 
become conventional to call 

C F = h\C\C 2 1 (2.95) 

the color factor (although, in fact, it would have been more natural to absorb the 
factor \ in a redefinition of the strong coupling a s and to just let the product 
\c x c 2 \ be known as the color factor). 

As a first example, we calculate the color factor for the interaction between two 
quarks of the same color, say B. Out of the eight gluons, only the one containing 
the BB combination can be exchanged. The product c x c 2 is therefore f (see Fig. 
2.15a). On the other hand, the interaction between colored R quarks can be 
mediated by two different gluons (see Fig. 2.15b). Nevertheless, the total c x c 2 = l 
+ \ = j is the same, as indeed it has to be from color symmetry. 




w Symmetries and Quarks 




Fig. 2.15 The product of color couplings for (a) the B-B quark interaction and (b) the 
R-R quark interaction. 



What about the interaction between two quarks of different color, say R and B? 
Here again, two different gluons are allowed with c x c 2 = — } and +1 (see Fig. 
2.16). Do we add or subtract these two (indistinguishable) amplitudes? The 
answer depends on the symmetry of the color wavefunction under interchange of 
the quarks. For a symmetric (antisymmetric) state, we sum (subtract) to give a 
factor + j (—f). Indeed, we already followed this prescription when we added 
the two amplitudes describing the R-R interaction. 

All the results so far can be concisely summarized by 



— p _ 1 
1^2 r 3 



C,C 



(2.96) 

where P — ± 1 according to whether the two quarks are in a color symmetric or 
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It is relevant to compute the color factor for gluon exchange between a quark 
and an antiquark in the color singlet state 



(RR + GG + BB), 



(2.97) 



that is, between a qq pair in a meson. Here, all colors occur on an equal footing, 



and so it is sufficient to consider, say, 
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uic l >— r> mici aouun. 



There ai e thi ec 



possible diagrams (see Fig. 2.17). In computing c x c 2 , we insert a minus sign at the 
antiparticle vertex, just as in QED, where the antiparticle has opposite charge to 




Fig. 2.16 The two diagrams describing the R-B quark interaction. 
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factor ][\ [see (2.97)]. The total factor for the qq interaction, via single-gluon 
exchange, in a meson is therefore 



C 1 C 2 
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where the first factor of 3 allows for the contributions when RR and GG are the 
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C F =b (2.98) 

a result we used in (2,89). 

It is instructive to also derive (2.90), that is, to calculate the color factor for 
two quarks exchanging a gluon within a baryon. Now remembering that 3 <8> 3 = 
6 © 3, we see that every quark pair in a baryon is in a color 3, The reason is that 
the pair must be coupled to a third quark (a color 3) to give an overall color 
singlet. The alternative, 6 <B> 3, does not contain a singlet. The 3 is an antisymmet- 
ric color state [compare (2.58)], and so we must use (2,96) with P = —1, The 
required color factor, (2.90), is therefore 



C F =f. (2.99) 

The message of this chapter is that all the observed strongly interacting 
particles (hadrons) are bound states of quarks. Historically, it was flavor SU(3) 
that led to the discovery of this fundamental fact, but its role in particle physics is 
now superseded by the quark model. Later, we develop a dynamical theory for 
the interactions of the (constituent) quarks which is based on color SU( 3) (gauge) 
symmetry. 




Fig. 2.17 Diagrams describing the B-B interaction. 




3 

Antiparticles 



Quantum electrodynamics (QED) is the theory describing the electromagnetic 
interaction of quarks and leptons. Some of the high-energy physicist’s favorite 
QED processes are e + e~-» /ut + /ut , eq -* eq, yq -* (e + e“)q, and so on, where q 
denotes a quark. The list reveals the technical problems to be faced in any 
computation of their transition rates: (1) we are concerned with a many-particle 
situation, (2) we are dealing with a relativistic problem. Indeed, not only are 
experiments routinely performed using beams of highly relativistic particles, 
ruling out any nonrelativistic approach, but also antiparticles occur. They are of 
course not required by nonrelativistic theory. 

The problem is not as formidable as it looks; perturbation theory will save us. 
We obtain the solutions of the one-particle wave equations for free leptons (or 
quarks) and then study the scattering of one particle by another by treating the 
interaction as a perturbation. 

At first sight, it is very surprising that single-particle wave equations can be 
used to describe interactions in which particles can be created and annihilated. 
The crucial observation is that relativistic wave equations have negative energy 
solutions which can be exploited so as to introduce antiparticles into the theory. 

The final formalism is a covariant copy of nonrelativistic perturbation theory 
using only solutions to single-particle wave equations. As a calculational scheme, 
it is most readily implemented by summing the relevant “Feynman diagrams” 
that can be drawn for the process under study, where the diagrams are evaluated 
using a set of well-established rules: the Feynman rules. This heuristic, but very 
intuitive, approach is due to Feynman and has the practical advantage that we 
can calculate transition rates and cross sections at an early stage in the develop- 
ment of the formalism. We thus avoid having to develop the formal machinery of 
quantum field theory, which eventually yields the Feynman rules from a 
Lagrangian. (For an introduction to quantum field theory, see, for example, 
Mandi (1966) or Sakurai (1967).) 

The spin of the quarks and leptons complicates to some extent the essential 
simplicity of Feynman’s approach. We therefore introduce the calculational 
scheme using the unphysicai example of “spinless leptons” (Chapters 3 and 4) 
and subsequently introduce their spin as a technical complication (Chapters 5 
and 6). Chapter 7 offers a glimpse of the accuracy that can be achieved in QED 
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example, one part per million in the case of the magnetic moment of the electron. 



3.1 Nonrelativistic Quantum Mechanics 

We begin by recalling that a prescription for obtaining the Schrodinger equation 
for a free particle of mass m is to substitute into the classical energy momentum 
relation 



PL 

2m 



the differential operators 



ih 



dt' 



p -► - ih v . 



/ T 1 \ 
} 



(3.2) 



The resulting operator equation is understood to act on a (complex) wavefunction 
^(x, t). That is (with h = 1), 



,.M + _L vV = 0 , 



(3.3) 



where we interpret 



p = m 2 

as the probability density (|^| 2 d 3 x gives the probability of finding the particle in 
a volume element d 3 x). 

We are often concerned with moving particles, for example, the collision of one 
particle with another. We therefore need to be able to calculate the density flux of 
a beam of particles, j. Now from the conservation of probability, the rate of 
decrease of the number of particles in a given volume is equal to the total flux 
of particles out of that volume, that is, 

-iL pdV ‘fj- AdS ~f.y idv 

where the last equality is Gauss’s theorem and n is a unit vector along the 
outward normal to the element dS of the surface S enclosing volume V. The 
probability and the flux densities are therefore related by the “continuity” 
equation 



dp 

~W7 + V * J 
oi 



0. 



(3.4) 



To determine the flux, we first form dp/dt by subtracting the wave equation, 
(3.3), multiplied by —ixf/* from the complex conjugate equation multiplied by 
— i\p. We then obtain 



(3.5) 
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j= - 2^(>|'*V^-^V^*). 



For example, a solution of (3.3), 



^ = Ne ip ' % ~ iEl , 



which dcsCiibes a free paiticle of energy E and momentum p, has 



p=\n\\ i = 

m 



(3.6) 

(3.7) 

(3.8) 



3.2 Lorentz Covariance and Four-Vector Notation 

A cornerstone of modern physics is that the fundamental laws have the same 
form in all Lorentz frames; that is, in reference frames which have a uniform 
relative velocity. The fundamental equations are said to be Lorentz covariant. 
Recall that the theory of special relativity is based on the premise that the velocity 
of light, c, is the same in all Lorentz frames. A Lorentz transformation relates the 
coordinates in two such frames. The basic invariant is c 2 t 2 — x 2 . 

EXERCISE 3.1 Consider a Lorentz transformation in which the new 
frame (primed coordinates) moves with velocity v along the z axis of the 
original frame (unprimed coordinates). For such a Lorentz “boost”, show 
that 



ct' = cosh 0 ct — sinh 6 z, 
z' = —sinh Pet + coshPz, 

with jc and y unchanged; here, tanhP = v/c. As cos id — cosh# and sin id 
= zsinhP, we see that the Lorentz transformation may be regarded as a 
rotation through an imaginary angle id in the ict-z plane. 

By definition, any set of four quantities which transform like (c/yx) under 
Lorentz transformations is called a four-vector. We use the notation 

(cf,x) = (jc°, jc 1 , jc 2 , x 3 ) = (3-9) 

According to the theory of special relativity, the total energy E and the momen- 
tum p of an isolated system transform as the components of a four-vector 




with the basic invariant ( E 2 /c 2 ) — p 2 . The simplest system is a free particle, for 
which 
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/ 



where w. is the rest mass of the particle. From now on, we revert back to the use 
of natural units with c = 1 (see Section 1.4). 

Just as in three-dimensional space, we may introduce the scalar product of two 
f our- vectors A ** = (A 0 , A) and B M = (5°, B) 

A • B = A°B° - A B, 

which is left invariant under Lorentz transformations. Due to the minus sign, it is 
convenient to introduce a new type of four-vector, A = (A u , — A), so that the 
scalar product is 

A • B = A .B* = AW.. = s...AW v = s^A.B... (3.11) 

f* f* ^ f* r 

Here, we have introduced the (metric) tensor g ■ , which is defined by 

goo = 1. gn = gn = g 33 = -1. other components = 0 



(and similarly for g**”). A summation over repeated indices is implied in (3.11). 
Upper (lower) index vectors are called contravariant (covariant) vectors. The rule 
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indices. If an equation is Lorentz covariant, we must ensure that all unrepeated 
indices (upper and lower separately) balance on either side of the equation, and 
that all repeated indices appear once as an upper and once as a lower index. 



EXERCISE 3,2 Show that g^ = 4. 

Examples of scalar products are 

- x = Et- p-x 
P% = P * P = P 2 = £l - P 2 - 

These quantities are Lorentz invariants. For a free particle, we have p 2 = m 2 , see 
(3.10). We say that the particle is on its mass shell. 

EXERCISE 3.3 * The collision of two particles, each of mass M, is viewed 
in a Lorentz frame in which they hit head-on with momenta equal in 
magnitude but opposite in direction. We speak of this as the “center-of-mass” 
frame (though the name “center-of -momentum” would be more ap- 
propriate). The total energy of the system is E cm . Show that the Lorentz 
invariant 
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If the collision is viewed in the “laboratory” frame where one of the 
particles is at rest, then show, by evaluating the invariant s , that the other 
has energy 



E, 



h 
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We can see from this result that colliding-beam accelerators have an 
enormous advantage over fixed-target accelerators in achieving a given total 
center-of-mass energy Js . List some advantages of fixed- target accelerators. 



Note that the space-like components of A M and A are A and — A, respectively. 
The exception is 



d ** = 




and 




(3.13) 



which can be shown to transform like = (Lx) and jc = (L — x), respectively. 
Thus, the covariant form of (3.2) is 

p^id\ (3.14) 

From d ^ and d M we can form the invariant (D’Alembertian) operator 

□ (3.15) 



3.3 The Klein -Gordon Equation 



Wave equation (3.3) violates Loren tz covariance and is not suitable for a particle 
moving relativistically. It is tempting to repeat the steps of Section 3.2, but 
starting from the relativistic energy- momentum relation, (3.10), 

j - ■> _ ■> . -> 

c. = p ^ . 

Making the operator substitutions (3.2), we obtain 

— + v 2 <f> — (3.16) 

dt 2 

which is known as the Klein-Gordon equation (but could, more correctly, have 
been called the relativistic Schrodinger equation). Multiplying the Klein-Gordon 
equation by — /<>* and the complex conjugate equation by —/<(>, and subtracting, 
gives the relativistic analogue of (3.5) 



d 

dt 



* d<p , d<p* 






dt 



+ V • [—/ (<#>* v<#» - <f>V<j>*)] = o. 
j 



(3.17) 



By comparison with (3.4), we identify the probability and the flux densities with 
the terms in square brackets. For example, for a free particle of energy E and 
momentum p, described by the Klein-Gordon solution 



4> = 



we find from (3.17) that [see (3.8)]. 



p = /( — 2/E )| TV | 2 = 2 £|jV| 2 

j = — /(2/p)|Al| 2 = 2p|A'| 2 . 



(3.18) 




We see that the probability density is proportions! to £, the re! 9. ti vis tic energy of 
the particle. (We defer the explanation of this for a moment.) 

It is advantageous to express these results in four- vector notation. Not only are 
they then more concise, but also the covariance becomes explicit. Using the 
D’Alembertian operator, (3.15), the Klein- Gordon equation becomes 

(□ 2 + m 2 )<f> = 0. (3.19) 

Moreover, the probability and the flux densities form a four-vector 

r= (p. j) = <(<*>* a^-4> d‘ “</>*) (3.20) 

which satisfies the (covariant) continuity relation 

d'j> = 0. (3.21) 



l aking the tree particle solution 
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Ne ~ ipx , 



(3.22) 



r = 2p»\N\ 2 . (3.23) 

We noted that the probability density p is the time-like component of a 
four-vector; p is proportional to E. This result may be anticipated since under a 
Lorentz boost of velocity v, a volume element suffers a Lorentz contraction 
d 3 r — » si 3 rJ 1 — n 2 • and so to keen o d 3 x invariant- we reauire o to transform as 



d 3 x —■ ► d 3 x y 1 — v 2 ; and so, to keep p invariant, we require p to transform as 
the time-like component of a four-vector p -* p/ V^l — u 2 . 

So far, so good; but what are the energy eigenvalues of the Klein- Gordon 
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E = + (p 2 + m 2 ) 



2\l/2 



(3.24) 
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solutions. This looks at first like a total disaster, because transitions can occur to 
lower and lower (more negative) energies. A second problem is that the E < 0 
solutions are associated wi th a negative probability density from (3.18). To 
summarize, the difficulties are 

E < 0 solutions with p < 0, 



It is clear that this problem cannot be simply ignored. We cannot simply discard 
the negative energy solutions as we have to work with a complete set of states, 
and this set inevitably includes the unwanted states. 



In 1927, in an attempt to avoid these problems, Dirac devised a relativistic wave 
equation linear in d/dt and V. He succeeded in overcoming the problem of the 
negative probability density, with the unexpected bonus that the equation de- 
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Fig. 3.1 Energy level spectrum for the electron. Dirac’s picture of 
the vacuum has all the negative energy states occupied. We show two 
states per level to account for the two spin states of the electron. 



scribed spin-^ particles. However, E < 0 solutions still occurred, as can be seen 
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free Dirac electron sketched in Fig. 
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sidestepped the negative energy solutions by invoking the exclusion principle. He 
postulated that all the negative energy states are occupied and regarded the 

varnnm ac an infinite cpa nf E < D pl^rtrnnc Nnw thf* nncitivf* pnprov fdprtrrmc 
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cannot collapse into the lower (negative) energy levels, as this is prevented by the 
exclusion principle. One can, however, create a “hole” in the sea by excitation of 
an electron from a negative energy ( — E) state to a positive energy ( E ') state, as 
shown. The absence of an electron of charge — e and energy — E is interpreted as 
the presence of an antiparticle (a positron) of charge -he and energy +E. Thus, 
the net effect of this excitation is the production of a pair of particles 



e“(£') + e + (£), 

which clearlv reauires enerev E 4- E' > 2m fsee diaerami. Until 1934. the Dirac 

■ j x oj — • — _ _ ~ ^ -- /■ ~ ~ . - 7 . . 

equation was considered to be the only acceptable relativistic wave equation. 

In 1934, Pauli and Weisskopf revived the Klein-Gordon equation by inserting 
the charee — e into /** and interoretine it as the charee-current densitv of the 
electron, 

f = -/>(<>* d*4> - <#> W). (3-25) 

Now, p = j 0 represents a charge density, not a probability density, and so the fact 
that it can be negative is no longer objectionable. In some sense, which we shall 
make clear in a moment, the E < 0 solutions may then be regarded as E > 0 
solutions for particles of opposite charge (antiparticles). Unlike “hole theory,” 
this interpretation is applicable to bosons as well as fermions. One cannot fill up 
the Dirac sea with bosons, as there is no exclusion principle operative to stack the 
particles. To develop the antiparticle idea and to introduce Feynman diagrams, it 
is useful to first ignore the complications due to the spin of the electrons. We 
therefore begin by obtaining the Feynman rules for “spinless” electrons and use 
them to calculate the scattering amplitudes and cross sections for interacting 
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particles. Not until then do we turn to the Dirac equation and to the Feynman 
rules for the physically realistic case of electromagnetic interactions of spin-^ 
electrons. 



3.5 The Feynman-Stiickelberg Interpretation of E < 0 Solutions 

The prescription we use for handling negative energy states was proposed by 
Stiickelberg (1941) and by Feynman (1948). Expressed most simply, the idea is 
that a negative energy solution describes a particle which propagates backward in 
time or, equivalently, a positive energy antiparticle propagating forward in time. 
It is crucial to master this idea, as it lies at the heart of our approach to Feynman 
diagrams. We try to make it plausible in the following way. 

Consider an electron of energy E, three-momentum p, and charge - e. From 
(3.25) and (3.22), we know that the electromagnetic four-vector current is 



= -7p\ N\ 2 ( F. ill 



(7 lfx\ 
v / 



Now take an antiparticle, a positron, with the same E, p. Since its charge is -he, 



f(e + ) = + 2e\N\ 2 (E ,p) 

= -2e\N\ 2 (-E,-p), (3.27) 

which is exactly the same as the current j fL for an electron with — E, — p. Thus, as 
far as a system is concerned, the emission of a positron with energy E is the same 
as the absorption of an electron of energy — E. Pictorially, we have 




t 



time 



(3.28) 



In other words, negative-energy particle solutions going backward in time describe 
positive-energy antiparticle solutions going forward in time. Of course, the reason 
why this identification can be made is simply because 

e ~i(- E)(-t) _ 

The single-particle (e~) wavefunction formalism not only handles antiparticles 
but can even describe many-particle situations. As an example, we consider the 
double scattering of an electron in a potential. We picture this in the space- time 
(Feynman) diagrams of Fig. 3.2. The crucial observation is that there are two 
pictures corresponding to the same observation. There are two different time 
orderings of the two interactions with the potential that lead to the same 
observable event. Indeed, note that the (observable) path of the electron before 
and after the double scattering is the same in the two diagrams. The second 
picture is only possible because of the antiparticle prescription. At time t 2 > the 
electron scatters backward in time (with E < 0). This electron is interpreted as a 
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Fig. 3.2 Different time orderings of the double scattering of an electron. 



positron (with E > 0) going forward in time. Then, the events in the diagram can 
be viewed as follows: first, at time t v an e“e + pair is created; then, at a later time 
t 2 , the e + is annihilated by the incident e“. Therefore, between t x and f 2 , the 
electron trajectory drawn in the second diagram actually describes three particles: 
the initial and final electrons and a positron! As both double scatterings lead to 
the same observed final electron, they both have to be included in computing the 
probability of this event. Note that, just as in hole theory, the vacuum has become 
a very complex environment: e e + pairs can pop out of it and disappear into it as 
a result of the antiparticle prescription! 

All possible processes can be described with the interpretation of a single-par- 
ticle (e ) wavefunction; the antiparticie (e *) states are never used. For example, 
for a single e + scattering, Fig. 3.3, we use negative-energy e“ solutions with the 
exit and entrance states interchanged. 

Our objective is to calculate transition rates and cross sections. Y et, so far, we 
have only the wavef unctions for free particles. How are interactions to be 
included? As implied by the above discussion, with its mention of “single” and 
“double” scattering, perturbation theory will be the method that we shall use to 
calculate scattering amplitudes. It is therefore appropriate to recall the main 
results of perturbation theory we shall need. 



Time 
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Fig. 3.3 Positron scattering by a potential. 
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3.6 Nonrelativsstic Perturbation Theory 



Suppose we know the solutions to the free-particle Schrodinger equation 

H <frn = E n<t>n with f = 5„„ (3.29) 

Jy 

where i/ 0 , the Hamiltonian, is time independent. For simplicity, we have normal- 
ized the solutions to one particle in a box of volume V. The objective is to solve 
Schrodinger’s equation 

(3.30) 



(h 0 + 



for a particle moving in the presence of an interaction potential K(x, t ). 

Any solution of (3.30) can be expressed in the form 

'P = !>„(' )</>„(*) (3.31) 

n 

Now, to find the unknown coefficients a n (t ), we substitute (3.31) into (3.30) and 
obtain 

'E = E v (x, 0 «„<*>„ (x)e“' £ "'. 

n n 

Multiplying by <>^, integrating over the volume, and using the orthonormality 
relation (3.29) leads to the following coupled linear differential equations for the 
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da 



~= -i'E a n( t ) d\ e‘ a: > E ’ )r . 



(3.32) 



Suppose that before the potential V acts the particle is in an eigenstate / of the 
unperturbed Hamiltonian, that is, at time / = — T/2: 



, ( — T /1\ = 1 
i\ * / *•) 



and 



a n (-T/2) = 0 for n ^ i, 



^ = —ijd 3 x <j>; K<f>, 



(3.33) 



(3.34) 



Now, provided that the potential is small and transient, we can, as a first 
approximation, assume that these initial conditions remain true at all times. Then, 
integrating (3.34), we obtain 



aAt) = —if dt f fd 3 x tfVfy e ,{E f E,)l ' 

J _ T'/T J * 



- T/2 

and, in particular, at time t = 4- T/2 after the interaction has ceased. 

■ T/2 
- T/2 



(3.35) 



T /i = a/T/2) = -</ /2 dt J dl x[<j> f (\) e iE i']*V(\, <)[<(>, (x)e ,E ''\ 



(3.36) 
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T fl = -i j d 4 xtf(x) V{x)<)>,(x). 



(3.37) 



Of course, the expression for a f (t) is only a good approximation if a f (t) « l,as 
this has been assumed in obtaining the result. 

We are tempted to interpret | T^y as the probability that the particle is 
scattered from an initial state / to a final state /. Is this interpretation valid? 
Consider the case when L(x, t ) = K(x) is time independent; then, (3.36) can be 
written as 



7}, = -iV f r dt 

J - OC 

- -2^V r ,S(E f -E,) 



(3.38) 



with 



v f,= fd^xtfix) F(x) </>,(x). 



(3.39) 



The 6-function in (3.38) expresses the fact that the energy of the particle is 
conserved in the transition / — ► /. By the uncertainty principle, this means that an 
infinite time separates the states / and /, and |7},| 2 is therefore not a meaningful 
quantity. We define instead a transition probability per unit time 



= lim 

T oc 



Squaring (3.38), 



I K ,\ 2 

W= lim 2 v^r-8(E 



/ 



T„ 1 2 



0 / 



+ 77 2 



dt e aL > L,)r 



(3.40) 



i / 



= lim 2j-^-S(E f - E,) ( + T/2 dt 

= 2 W |F / ,.| 2 5(£ / - £,). (3.41) 

This equation can only be given physical meaning after integrating over a set of 
initial and final states. In particle physics, we usually deal with situations where 
we start with a specified initial state and end up in one of a set of final states. Let 
p( E f ) be the density of final states; that is, p(Ef) dE f is the number of states in 
the energy interval E f to E f + dE f . We integrate over this density, imposing 
energy conservation, and obtain the transition rate 



w fl = ^jaE fP {E f )\ V fi rd{L f - L t ) 



c 



= 2 W |K / ,| 2 p(£,). 

This is Fermi’s Golden Rule. 



(3.42) 
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Clearly, we can improve on the above approximation by inserting the result for 
a n { /), (3.35), in the right-hand side of (3.32): 

da ‘ J LvJ' dt' e“- E "~ E ‘ ) '' 

d T* /*! 



7 



dt 



= ...+(-/) 



Vfne i{E r E„) t ( 3 . 43 ) 



«*/ - t /2 

where the dots represent the first-order result. The correction to 7 is 
7},.= ...- £ V fn V ni C dt e i( ' Ef ~ En)t r dt'e i{E ^ E > )r . 

To make the integral over dt' meaningful, we must include a term in the exponent 
involving a small positive quantity e which we let go to zero after integration 

pt pi(En~~ ie)t 

J w + ie 



The second-order correction to T fi is therefore 



T n 



ft 

- 2 7Ti £ 



Vf*V., 



+ ie 

n^t 1 n 



rA E f - E > )• 



(3.44) 



EXERCISE 3.4 Show that the rate for the i -* f transition is given by 
(3.42) with the replacement 



v p 



v « + E y, 



... f "E, 

«¥= / 1 



— ~ Kt + 
+ ie 



(3.45) 



Obtain the form of the next correction (i .e. the term third order in V). 



Equation (3.45) is the perturbation series for the amplitude with terms to first, 
second, . . . order in V. The Feynman diagrams of Fig. 3.4 represent the first two 
terms in the nonrelativistic perturbation series. For each interaction vertex, we 
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Fig. 3.4 First- and second-order contributions to the i 



(b) Second order 
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Fig. 3.5 e Scattering, with time increasing 
from left to right (rather than upward). 
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a “propagator” factor like 1 /(£, — E n ). The intermediate states are “virtual” in 
the sense that energy is not conserved, E n # E iy but there is of course energy 
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function 8(E^ — E ( ). The central problem is to generalize this scheme to handle 



relativistic particles, including their antiparticles. This is the topic of the next 
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3.7 Rules for Scattering Amplitudes in the Feynman-Stiickelberg Approach 

How are we to form scattering amplitudes T fi involving antiparticles if antipar- 
ticles are to be regarded as negative-energy particle solutions going backward in 
time? Clearly, our antiparticle prescription will have to be consistent with energy 
conservation. 

The diagrams of Fig. 3.4 represent a noncovariant situation; they refer to 
scattering from a fixed, static potential. However, we are interested in the 
scattering of one particle by another, and to do this we will take one particle to be 
moving in the electromagnetic potential V due to the other. In Chapter 1, we 
described how the electromagnetic interaction between electrons is due to the 
emission and absorption of photons. Consider now energy conservation at the 
vertex of Fig. 3.5, in which a photon is absorbed by an electron. The form of the 
(covariant) interaction V is derived in the next chapter, but it is clear that V 
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Fig. 3.6 e + Scattering, pictured as negative-energy e scattering backward in 
time. 
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has a time dependence e iut for an incoming photon of energy to. Thus, the 
transition amplitude (3.36), is proportional to 

f(e- iE i')*e- ,a 'e-‘ E ‘'<lt = 2ir8{E f - o> - £,) 
so that E f = £, 4- w. 

Obviously, exactly the same argument will follow for antiparticle (positron) 
scattering in Fig. 3.6a. However, as before, we wish to formulate the matrix 
element in terms of electron states alone, as shown in Fig. 3.6b. Now, the ingoing 
state describes an electron of (negative) energy - E f , and the transition amplitude 
contains the factor 



f( e -H-EM)* e -i»< e -«-Ef) >dt = 2vS(-E t - w + E f ) 

so again, E f = E t + u, as required. 

The rule is to form the matrix element 

J ^outgoing ingoing ^ 

where ingoing and outgoing always refer to the arrows on the particle (electron) 
lines. 
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for (a) e“e + pair creation, and (b) e~e + annihilation of Fig. 3.7. Following 
the same idea, use the space part of the matrix element to show that the 
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Fig. 3.7 



We have now set up a formalism based on perturbation theory which can 
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tide situations. The next task is to cast it in a relativistically covariant form. Note 
that (3.37) is already covariant. 




4 

Electrodynamics of 
Spinless Particles 



The title of this chapter requires some explanation. No spinless quark or lepton 
has ever been observed in an experiment. Spiniess hadrons exist (e.g., the 
7r-meson), but they are complicated composite structures of spin-^ quarks and 
spin-1 gluons. The spin-zero leptons, that is, leptons satisfying the Klein- Gordon 
equation, which appear throughout this chapter, are completely fictitious objects. 
The goal of this chapter is to find out how to use perturbation theory in a 
covariant way. To illustrate this, we have to choose particles and an interaction. 
For simplicity, we choose the particles to be “spiniess” charged leptons. Clearly, 
it is desirable to begin by avoiding the complications of their spin. For the 
interaction, we choose the electromagnetic force. Electromagnetic interactions are 
of fundamental importance in particle physics. Quantum electrodynamics is the 
simplest example of a gauge theory in the sense that it has only one gauge 
particle, the photon. Gauge theories are now thought to be capable of describing 

„n ru ~ j — a i, u. , 

tin 111 id aciiuiis. v^iiiuiiiuuyiiaiiuvd anu wtaiv iiiitiavLiuiio ait urauiutu uy gaugt 

theories that copy QED. This is demonstrated in Chapters 14 and 15. So, 
although the “spinless” leptons in this chapter are fictitious, the interaction is not. 

T T « + rt « 1 I r> -So am tiol f rvr nrafirar p Tlia Atrm 1 i an +1 p Of 
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from the spin of the leptons are revealed in Chapters 5 and 6. 



4.1 An “Electron” in an Electromagnetic Field A* 

A free “spinless” electron satisfies the Klein- Gordon equation, (3.19): 

( + m 2 )<t> = 0 . 

In classical electrodynamics, the motion of a particle of charge — e in an 
electromagnetic potential A M = (A 0 , A) is obtained by the substitution 

p» -> p» + eA * (4.1) 



(see a standard text such as Goldstein or Jackson). The corresponding quantum- 
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mechanical substitution is therefore 



id 11 -» + eA 



see (3.14); and the Klein-Gordon equation becomes 

(d M d M + w 2 )<> = — V<f>, 
where the (electromagnetic) perturbation is 

-ield^ + A fl d fl ) ~e 2 A 2 . 



(4.2) 



(4.3) 



(4.4) 



The sign of V in (4.3) is chosen to be in accord with the relative sign of the kinetic 
and potential energy terms of the Schrodinger equation. 

Everything is happening in (4.2)! This is quantum electrodynamics. (In Chapter 
14, we shall see that this fundamental prescription emerges naturally from 
insisting that physics is unchanged under gauge, or phase, transformations.) 

The potential, (4.4), is characterized by the parameter e, which (in natural 
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(4.5) 



recall (1.3). The smallness of the electromagnetic coupling means that it is 
sensible to make a perturbation expansion of V in powers of a. The lowest-order 
(in a) contribution to a scattering amplitude should be a good approximation. 

Working to lowest order, we omit the e 2 A 2 term in (4.4). The amplitude, (3.37), 
for the scattering of a “ spinless” electron from a state <>, to <fy off an electromag- 
netic potential A , which we represent by Fig. 4.1, is 

T ft = -ij^(x)V(x)4> i (x) d 4 x 

= i j tfie{A*dr + d^)^d A x. (4.6) 

The derivative, in the second term, which acts on both A M and </>■, can be turned 
around by integration by parts, so that it acts on 



f <#>/ dpiA^i) d*x = - f #?{<>*) A^d'x, 



(4.7) 




Fig. 4.1 A “spinless” electron interacting with A M . 
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where we have omitted the surface term as the potential is taken to vanish as |xj, 
/ ± oo. We may therefore rewrite the amplitude T fi in the suggestive form 

T fi = -ijj'Wd'x, (4.8) 



where 
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which, by comparison with (3.25), can be regarded as the electromagnetic current 
for the i -* f electron transition. If the ingoing spinless electron has four-momen- 
tum p it we have 

<*>,(*) = (4.10) 

where TV) is the normalization constant. Using a similar expression for </y, it 
follows that 
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4.2 “Spinless” Electron-Muon Scattering 

Using the results for the scattering of an electron off an electromagnetic potential 
A*, shown in Fig. 4.1, we are able to calculate the scattering of the same electron 
off another charged particle, say. another electron or a muon. Let us choose a 
muon to avoid dealing with identical particles. The Feynman diagram corre- 
sponding to the process is shown in Fig. 4.2. It suggests how to approach the 
Droblem. The calculation is an extension of the Drevious one: we iust have to 

i ----- _ r _ f - j - — 

identify the electromagnetic potential A M with its source, the charged “spinless” 
muon. This identification is done using Maxwell’s equations 

u 2 A^=jf 2) (4.12) 




Fig. 4.2 Electron-muon scattering showing the particle 
four-momenta. 
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which determine the electromagnetic field A^ sssocib ted W1 th the current of the 
muon. (If you are unfamiliar with (4.12), that is, with the covariant form of 
Maxwell’s equations in the Loren tz gauge, work through Exercises 6.9 and 6.10.) 
Now what do we take for the current in (4.12)? Again, Fig. 4.2 suggests the 
answer. The current associated with a spinless muon has the same form as that for 
the electron, which is given by (4.11). Thus, we have 



j& = ~eN B N D (p D + 


(4.13) 


where the momenta are defined in Fig. 4.2. Since 




□ 2 e iq x = ~q 2 e iq x . 


(4.14) 


the solution of (4.12) is 




i 

A* = - —,1m with 9 = Pd ~ Pb- 

n ^ 


(4.15) 
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amplitude for electron- muon scattering is 






(4.16) 



Inserting (4.13), together with the corresponding expression for the electron 
current, (4.11), and carrying out the x integration, we find 

Tft = ~iN A N B N c N D ( 5< 4 >( p D + p c - p B - p A )°) It (4.17) 

with 

(j e(p A + PcT^-i^rY'eip,, + p D Y). (4.18) 

\ 9" / 

A consistency check on result (4.18) is that we get the same amplitude if we take 
the muon to be moving in the field A lt produced by the electron. 911, as defined by 
(4.17), is known as the invariant amplitude. The delta function expresses 
energy- momentum conservation for the process. 

In order to catalogue the different terms in the perturbative expansion of T fi in 
nonrelativistic perturbation theory, we drew pictures like Fig. 3.4. Furthermore, 
the different factors in 7 as given by (3.44) were associated with interaction 
vertices and particle propagators in Fig. 3.4b. It is useful to draw the same 
pictures for the covariant form of the perturbation series. For example, Fig. 4.3 
represents spinless electron- muon scattering to order e 2 (or a), and the amplitude 
is given by (4.17) and (4.18). This is the lowest-order Feynman diagram. The 
wavy line represents a photon exchanged between the leptons, and the associated 
factor —igpp/q 2 is called the photon propagator : ; it carries Loren tz indices because 
the photon is a spin-1 particle (see Chapter 6). The four-momentum q of the 
photon is determined by four-momentum conservation at the vertices. We see that 
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vertices of the diagram, we associate the factor shown. Each vertex factor contains 
the electromagnetic coupling e and a four-vector index to connect with the photon 
index. The particular distribution of minus signs and factors i has been made to 
give the correct results for higher-order diagrams. Note that the multiplication of 
the three factors gives - /9H. 
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corresponding factor will contribute multiplicatively to the amplitude — /0TL for 
that diagram. We may thus start to draw up a table of Feynman rules for 
quantum electrodynamics, which will, when complete, allow us to Quickly write 
down the expression for the amplitude, — /9Tt, for any Feynman diagram. The 
table is given in Section 6.17. 



4.3 The Cross Section in Terms of the Invariant Amplitude 9H 



To relate these calculations to experimental observables, we need to fix the 
normalization N of our free particle wave functions: 

<#> = Ate (4.19) 

Recall from (3.18) that the probability density p of particles described by <£> is 

p = 2E\N\ 2 . 

The proportionality of p to E was just what we needed to compensate for the 
Lorentz contraction of the volume element d 3 x and to keep the number of 
particles p d 3 x unchanged. Let us therefore work in a volume V and normalize to 
2 E particles in F, 




That is, we adopt a covariant normalization 



N = 



1 

{V' 



(4.20) 



(4.21) 




Fig. 4.3 The vertex factors and propagator for “spinless” 
electron-muon scattering. 
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where T is the time interval of the interaction, and the transition amplitude is 



T /t - -iN A N B N c N D ( 2irf S w (p c + P D -p A - P B m, 

see (4.17). On squaring, one delta function remains, and (2 it ) 4 times the other 
gives TV [the calculation is identical to the one that led to (3.41)]. Thus, making 
use of (4.21), we obtain 



tt 7 \4 5 (4) ( p c + Pd Pa Pb) l^| 2 

W H = (2*r) — 



(4.22) 



Experimental results on AB -* CD scattering are usually quoted in the form of 
a “cross section.” It is related to the transition rate by 



Cross section = 



- r (number of final states), 

(initial flux) v 



(4.23) 



where the factors in brackets allow for the “density” of the incoming and 
outgoing states. We first carefully define these factors and then show how the 
cross section, so defined, may be regarded as the effective area over which 
n ar tides A, B interact to produce C, D. 

For a single particle, quantum theory restricts the number of final states in a 
volume V with momenta in element d 3 p to be Vd^p/fltt) 3 (see Exercise 4.1). But 
we have 2 E particles in V. and so 



No. of final states/particle 



Vd 3 p 

(2w) 3 2£ 



(4.24) 



Thus, for particles C, D scattered into momentum elements d'p c . d 3 p D , 
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EXERCISE 4,1 Working in a box of volume V = L 3 , show that the 
number of allowed states of momentum with x component in the range p x to 
P x + dpx is (L/2it) dp x . Convince yourself that you need to impose periodic 
boundary conditions on the wavefunction and its derivative to ensure no net 
particle flow out of the volume. 

Turning now to the initial flux , we find that it is easiest to calculate it in the 
laboratory frame. The number of beam particles passing through unit area per 
unit time is |y 4 \IE A /V, and the number of target particles per unit volume is 
2 E b /V. To obtain a normalization-independent measure of the ingoing “density,” 
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we therefore take 



Initial flux — | | A . (4.26) 

Inserting (4.22), (4.25), and (4.26) into (4.23), we arrive at a differential cross 
section do for scattering into d 3 p c d 3 p D \ 



do 



V 2 1 
\v A \2E A 2E B v 4 



|9IL| 



2&Kt«>(p c +p D -p A - Pb ) d !l c d !l° v 2 



(2*Y 



2 E c 2 E 



D 



(4-27) 



The arbitrary normalization volume V cancels, as indeed it must. From now on, 
we drop V and work in unit volume. That is, we normalize to 2 E particles/unit 
volume, and the normalization factor (4.21) of the wavefunction is 



This is the origin of the multiplicative factors N = 1 which are associated with the 
external lines of spinless particles (see the table of Feynman rules in Section 6.17). 

What is the physical interpretation of the cross section as defined by (4. 23) [and 
(4.27)]? The appearance of the number of final states in conjunction with the 
transition rate W fi is familiar, see (3.42); it represents the number of scatters, n c , 
per unit time. The flux is introduced in (4.23) to make the rate independent of the 
number of particles present in the beam or target used in a particular experimen- 
tal setup. That is, we want the cross section to represent an intrinsic scattering 
probability, that is, the intrinsic strength of the AB -* CD interaction. We 
therefore divide in (4.23) by the number of particles in the target ( n t ) and the flux 
of the beam ( n b v b ) which counts the number of beam particles traversing a unit 
area perpendicular to the beam velocity per unit time ( v b is the relative velocity of 
beam and target if the latter is not stationary). Thus, (4.23) can be symbolically 
written as 



n s = {n b v b )n,a. 

The counting rate n s is always proportional to the (beam flux X n t )\ it is the 
proportionality constant o which contains the physics, that is, the intrinsic 
scattering probability. It has the units of area. This can be checked by realizing 
that the left-hand side has units (time)” 1 and that (n^v^n. has the units of flux. 

V ^ v U US I 7 

namely, (area X time) -1 . We can interpret a intuitively as the effective area of 
the beam seen by a target particle, or the area over which A, B interact to pro- 
duce C, D. 

We may write the differential cross section, (4.27), in the symbolic form 
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where dQ is the LorenU invariant phase space factor (sometimes writte 

a , , d 3 p r d 3 p D 

dQ = (2ir) 8 {4) { P c + Po ~ Pa ~ Pb)— TI 
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(4.30) 



(2ir) 2 E c (2 it) 2 E n 

(recall d^p/E is a Lorentz invariant quantity), and the incident flux in the 
laboratory is 

F=\v A \2E A -2E B .' (4.31) 

with \ A = p A /E A . For a general collinear collision between A and B, 

F= \\ A ~ v„| • 2 E a - 2 E„ 

= 4(Ip /( |£’b + |P B |^) 

= 4(( p A ■ p B ) 2 - m 2 A m 2 B ) W \ (4.32) 

which is manifestly invariant. 

Equation (4.29) is the final result. We see that the physics resides in the 
invariant amplitude To relate the observable rate do to this universal measure 
of the interaction, we need to include the “bookkeeping” factors dQ and F. 



EXERCISE 4.2 In the center-of-mass frame for the process AB 
show that 

<tQ-j-2jp da 

4?r 4ys 
F = 4 P'Js , 

and hence that the differential cross section is 




CD, 

(4.33) 

(4.34) 



(4.35) 



where dQ is the element of solid angle about p r , s = (E A + E B ) 2 , |p^ 
IPaI = P, and |p r | = |p D | = p f . 



EXERCISE 4.3 Use (4.18) to show that for very high-energy “spinless” 
electron-muon scattering, 

do _ a 2 / 3 + cos 8 \ 2 
dQ cm 4s \ 1 cos 6 j 

where 6 is the scattering angle and a = e 2 /4m. Neglect the particle masses. 
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The derivation of the formula for particle decay rates proceeds along similar lines. 
The differential rate for the decay A -* 1 + 2 4- * * ■ n into momentum elements 
d 3 p l> . . . y d 3 p n of the final state particles is 



dT 



1 

1 F 






d 3 Pi 






d 3 Pn 

(2tr) 3 2E n 



(2ir) 4 8 {4> (p A 



P\ ~ 

(4.36) 



The formula has the form of (4.29) and (4.30). 2 E A is the number of decaying 
particles per unit volume and 011 is the invariant amplitude which has been 
computed from the relevant Feynman diagram. One common application is the 
calculation of the integrated rate for the decay mode A -* 1 + 2, that is, we 
integrate (4.36) over all possible momenta P!,p 2 . In the rest frame of A, we find, 
using (4.33), 

T(A - 1 + 2) = Pf 2 2 fm 2 dU . (4.37) 



The total decay rate, T, is the sum of the rates for all the decay channels. 
Clearly, the rate 

dN 

r =--//*.> (4.38) 

which leads to the exponential decay law for the number of A particles 

N A {t) = N A (0)e~ T '. (4.39) 

We say T ~ 1 is the lifetime of particle A. 



4,5 “Spinless” Electron— Elect on Scattering 



We return to the application of the Feynman rules to some sample processes. For 
electron- electron scattering, the new feature is that we have identical particles in 
the initial and the final states, and so the amplitude should be symmetric under 
interchange of particle labels C «-» D (and A B). Consequently, in addition to 
the Feynman diagram of Fig. 4.4a, we have a second diagram, Fig. 4.4b, which, to 
maintain the order of A, B, C, and D, is drawn as Fig. 4.4c. 

There is no way to experimentally distinguish whether electron C came from A 
or B, so we must add amplitudes (rather than probabilities). Thus, the invariant 
amplitude for the scattering of spinless electrons is, to lowest order, the sum of 
the amplitudes for diagrams (a) and (c): 
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( Pd Pb) 



\ r a ' r u f fi\ r tf 



J'C / 



(Pc Pb) I 

(4.40) 



The first term follows directly from (4.18), and the second is simply that with 
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Pc ** “Pb* ^at is, under the interchange of the two “outgoing” electrons. 

But we need not do this; to obtain 9H e - e+ , we can simply use the antiparticle 
prescription to “cross” the result we derived for 0 [ H e e _ (see Fig. 4.6). In this way, 
we obtain 

< ^ / e _ e + -i'e“e + ( Pa > Pb > Pc’ P d) “ < ^' , e _ -e“->e _ e ( Pa ’ ~Pd’ Pc ’ — P b) * (4.42) 

Indeed, we see that (4.41) is simply (4.40) with p D «-» - p B . 

EXERCISE 4,4 Use the Feynman rules to obtain the invariant ampli- 
tudes for the “spiniess” processes e~ju + -> e~jti + and e~e + ^> ja ju". Check 
your answers by appropriately crossing the e~/i“-» e“ja _ amplitude of 
Section 4.2. 



4.7 Invariant Variables 



For a scattering process of the form AB — ► CD, we expect two independent 
kinematic variables; for example, the incident energy and the scattering angle. It 
is however possible, and desirable, to express the invariant amplitude as a 
function of variables invariant under Lorentz transformations. We have at our 
disposal the particle four-momenta, and so possible invariant variables are the 



scalar products p A */? B , p A • p c , p A ■ p D . Since p 2 = m 2 [see (3.10)], and since 
Pa Pb = Pc Pd due 1° energy-momentum conservation, only two of tne three 
variables are independent. Rather than these, it is conventional to use the related 
(Mandelstam) variables 



s = (Pa + Pb) 2 ’ 

1 = (Pa~Pc) 2 ’ (4.43) 



u = (Pa ~PdY- 



EXERCISE 4.5 Show that 

s + t + u = m A + m 2 B + m 2 c + m 2 D > (4.44) 

where m i is the rest mass of particle /. 




Fig. 4.6 The crossing (or interchange) of particles B and D. 




To disDlav the kinematic for ohvsicaB reeions of processes related hv crossing 

i •/ v i: */ - s - ~ ~ — r ’ — ~ j 

we construct a two-dimensional plot which maintains the symmetry of s, /, u. The 
three axes s, t, u = 0 are drawn (Fig* 4.7) to form an equilateral triangle of height 
Hm 2 . From any point inside and also outside (if attention is paid to the signs of 
s, /, u) the triangle, the sum of the perpendicular distances to the axes is equal to 
the height of the triangle [see (4.44)]. 

It is easy to show that s is the sauare of the total center-of-mass enerev of the 
process AB -* CD [see (3.12) or Exercise 4.6]. It is conventional to take the 
reaction under study to be the s channel process. In our last example, this was 
e~e + -» e~e + scattering. The crossed reactions AD -» CB and DB -» CA are 
called the u and t channels, respectively, since u and t are equal to the square of 
the total center-of-mass energy in the respective channels (see Exercise 4.7). 

EXERCISE 4.6 Taking e~e + — ► e~e + to be the s channel process, verify 
that 

* / * 9 T \ 

s = ) 

t = — lk 2 {\ - cos 0) (4*45) 

u = -2k 2 (l + cos0) 

where 6 is the center-of-mass scattering angle and k = jk ( j = jkyj, where k, 
and k^are, respectively, the momenta of the incident and scattered electrons 



t Channel process 
DB -»■ CA 
(e e + -* e _ e + ) 




tions. For scattering between particles of unequal masses, 
the boundaries of the physical regions are more com- 
plicated, but the general result of three nonoverlapping 
regions holds true (see Exercise 4.8). 
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provided s > 4m 2 , t < 0, and u < 0. The physical region is shown shaded 
on Fig. 4.7. Note that t = 0 (u = 0) corresponds to forward (backward) 
scattering. 



EXERCISE 4.7 For the crossed reaction AD -» CB (e“e _ -» e~e“), show 
that u becomes the square of the total center-of-mass energy and that this 
process would become physical in a different kinematic region: u > 4m 2 , 
t < 0, and s < 0. (Note that, for example, -p D = (E, p), where E and p 
refer to the incoming D). 



EXERCISE 4.8 If the s channel process is e ja -* e ju , show that the 
boundaries of the physical regions of this and the crossed channel reactions 
are given by 



t = 0, su = (A/ 2 — m 2 ) 2 

where m and M are the electron and muon masses, respectively. Construct 
the Mandelstam plot. 

EXERCISE 4.9 Verify that crossing relation (4.42) is of the form 

9IL-,.+ (j, t, u) = ts s) (4.46) 

EXERCISE 4.10 Show that the invariant amplitude, (4.41) a for “spinless” 
electron— positron scattering can be written as 

9V« + Cr>*.«) = (4.47) 

Comment on the symmetry of 9H under s <-> t. 

Let us look back at the amplitude for “spinless” electron-electron scattering. 
The amplitude (4.40) is derived taking, of course, the process to be AB -» CD, 
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collision in which 
the t channel photon 
is almost on mass 
shell 
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collision in which 
the u channel photon 
is almost on mass 
shell 



Fig. 4.8 The differential cross section, da/dQ, for 
electron-electron scattering. 
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The resulting cross section is sketched in Fig. 4.8, and the origin of the for- 
ward and backward peaks is identified; —t and —u are the squares of the 
three-momentum transferred in Figs. 4.4a and 4.4c, respectivelv, that is, of the 
momentum carried by the virtual photon. When the photon has a very small 
momentum squared ( — q 2 ) y that is, almost on its mass shell, then by the 
uncertainty orinciole the ranee of the interaction is verv laree. Interactions with 

■ • */ i: i: c' " " ■ ■ ’O' " ' — 

small deflections therefore occur with large cross sections. 



4.8 i ne Origin of the Propagator 



We saw earlier (Section 4.2) that a virtual photon line in a Feynman diagram 
corresponds to a propagator 1 /q 2 y where q is the four-momentum carried by the 
virtual photon. For example, the photon propagator in the annihilation process 
e _ e + -> y -* e~e + of Fig. 4.9 is of the form 1 /q 2 , where q = p A + p B is given by 
four-momentum conservation. 

In general (aside from complications of spin), a particle of mass m has a 
propagator 1 /(p 2 — m 2 ), Feynman (1962) has given a nice explanation of why 
this is so. For instance, for the photon propagator of Fig. 4.9, the argument goes 
as follows. There are two interaction vertices, and so we must be able to interpret 
the result as the relativistic generalization of the second-order term in perturba- 
tion series (3.44), 



TjP- E 



n =# I 






V ni 2«8(E,- E t ). 



(4.48) 



Here, we are not interested in the precise details [a detailed discussion is given by 
Aitchison (1972)], but rather to simply see how the propagator generalizes: 



Ei E " ( Pa+Pb f 



(4.49) 



We take the energy difference to refer to relativistic energies. 

A Feynman diagram is the sum of all possible time-ordered diagrams. There 
are two possible time-ordered diagrams corresponding to Fig. 4.9. These are 




Fig. 4.9 Annihilation diagram e e + 
using only particle (electron) lines. 
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e e + , drawn 
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shown in Fig* 4,10. The resulting amplitude is thus of the form 
1 1 2 
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K,> (4.50) 



where the factor 2 E y has to do with normalization. This method of calculating the 
amplitude is now often referred to as old-fashioned perturbation theory, OFPT. 
In OFPT, three-momentum is conserved at a vertex, but not energy, as pointed 
out in Chapter 3 (clearly a noninvariant situation); moreover, particles stay on 
mass shell. To determine the propagator, we calculate 



E ? = ( Pa + Pb? +(9a + Ps) 2 . 
£ v 2 = ml + p 2 . 



Now, since p — + p B , we obtain 



E ‘ ~ E y ( Pa + P B f ~ m l <1 



(4.51) 



We have displayed the photon mass (m y = 0) until the last equality so as to be 
able to compare with propagators for m =£ 0 particles. The relativistic generaliza- 
tion of the propagator for a spinless particle of mass m is [see (4.51)] 



1 1 
( PA+Paf-m 2 p 2 — m 2 



(4.52) 



Each of the two time-ordered diagrams of Fig. 4.10 (considered separately) is not 
invariant; but by including the second term together with the standard nonrelativ- 
istic result, we have obtained an invariant expression. 

Another example is the electron propagator in the process ye~^ ye . In this 
case, we make a pictorial comparison of OFPT and covariant perturbation theory. 




Fig. 4.10 Time-ordered diagrams for e e + — >y— >e e + . 
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Clearly not an invariant separation, but the sum is invariant 



vertex, but not energy. The intermediate 
particle is on mass shell, p 2 = m 2 . 
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each vertex, see (4.15). The inter- 
mediate particle is not on mass shell, 
n m . 



The single Feynman diagram embodies the possibility that the intermediate 
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about is explained in Section 6.16; there, we also discuss how to handle the 
singularity in the propagator at p 2 — m 2 . 



4.9 Summary 
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way. The crucial step was to exploit the fact that the expression (3.37) for T fl was 
already covariant. The invariant amplitude Alt [related to Tj t by (4.22)] is 
calculated by identifying the covariant replacements for the vertex factors F and 
the propagators 1 /{E t - E n ). We explicitly derived their form for the electromag- 
netic interaction of spinless charged particles. An important difference with the 
nonrelativistic formalism should be remembered; energy, as well as three- 
momentum, is conserved at each vertex. Finally, the procedure for relating the 
invariant amplitude to observables was discussed. 

Thi<; in fart rnnrlnHpc thp r»f rplativi^tir nprtnrbutinn tlipnrv ;inH 
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Feynman diagrams. The rest of the work is purely technical in nature. Electrons, 
muons, and quarks have spin They therefore satisfy the Dirac equation, not the 
Klein-Gordon equation. Repeating the procedure described in this chapter for 
particles satisfying the Dirac equation will clearly lead to modified results for 
vertex factors and propagators. The calculational procedure, however, is the same. 




5 

The Dirac Equation 



At this point, we would have mastered the computational techniques to attack the 
particle physics problems presented in the rest of the book if it were not for the 
fact that quarks and leptons are spin-^ particles. We constructed the Feynman 
rules for particles (and antiparticles) described by wavefunctions <> that satisfy the 
Klein- Gordon equation. These wavefunctions do not have the required two-com- 
ponent structure to accommodate, for instance, the spins of the electron and 
positron. We are looking for a relativistic equation with solutions that have 
two-component structure for both particle and antiparticle. For some time, it was 
thought that the Klein- Gordon equation was the only relativistic generalization 
of the Schrodinger equation until Dirac discovered an alternative one. His goal 
was to write an equation which, unlike the Klein- Gordon equation, was linear in 
d/dt. In order to be covariant, it must then also be linear in v and has therefore 
the general form 



= (ct P + &m)$. (5.1) 

The four coefficients fi and a, (/' = 1, 2, 3) are determined by the requirement that 
a free particle must satisfy the relativistic energy -momentum relation (3.10), 



H 2 4t = (P 2 + m 2 )^. 



(5.2) 



Equations (5.1) and (5.2) represent the Dirac equation. We will show that its 
solutions have sufficiently rich structure to describe spin-^ particles and antipar- 
ticles. 

The historical impact of Dirac’s suggestion is most profound and goes far 
beyond providing us with a relativistic equation to describe fermions, which is our 
current interest. Its study led to developments ranging from quantum field theory 
to semiconductors and beyond. Note, however, that Dirac’s original motivation 
for linearizing the Klein- Gordon equation in d/dt was not to explain spin but to 
remove negative probability densities. The appearance of d/dt in the probability 
(3.17) is indeed at the root of this “problem.” However, for us this feature of the 
Klein- Gordon equation is no longer a problem. It is a bonus that allows the 
correct treatment of antiparticles, at least when they have no spin! 
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Let us forget history and study how (5,1) describes leptons (or quarks) with 
spin. From (5.1), we have 

H 2 ^ = (a,P, + fim)(ajPj + 

= ( a 2 P, 2 + (a, «y + ctjaJPjPj + ( a $ + /3 a,)P,m + p 2 m 2 )<p, 

l ~ X l 

1 0 o ! 

where we sum over repeated indices, with the condition / > j on the second term. 
Comparing with (5.2), we see that 



• a 1? a 2 , a 3 , all anticommute with each other, 

• a{ = a\ = a\ = fi 2 = 1. 



(5.3) 



Since the coefficients a i and fi do not commute, they cannot simply be numbers, 
and we are led to consider matrices operating on a wavefunction which is a 
multicomponent column vector. 



EXERCISE 5.1 Prove that the a t and /? are hermitian, traceless matrices 
of even dimensionality, with eigenvalues ±1. 



The lowest dimensionality matrices satisfying all these requirements are 4X4. 
The choice of the four matrices (a, /?) is not unique. The Dirac- Pauli representa- 
tion is most frequently used: 



a = 





(5.4) 



where I denotes the unit 2x2 matrix (which is frequently written as 1) and 
where a are the Pauli matrices: 



°i = 



(? ;)• *-(i .!)■ 

Another nossible renresentation the Wevl renresentatinn is 



a = 



— a 

0 



$ — 



(5.5) 



(5.6) 



Most of the results are independent of the choice of representation. Certainly, all 
the physics depends only on the properties listed in (5.3). In fact, not until we 
exhibit explicit solutions of the Dirac equation in Section 5.3 will we use a 
particular representation. Unless stated otherwise, we shall always choose the 
Dirac-Pauli representation, (5.4). 

A four-component column vector \J/ which satisfies the Dirac equation (5.1) is 
called a Dirac spinor. We might have anticipated two independent solutions 
(particles and antiparticles), but instead we have four! 

Maybe the surprise should not have been total. We know at least one other 
example where a field with more components appears when linearizing the 
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written in a linear form d fl F >tv = 0 by introducing the field strength F , which 
has more components than A . 



5.1 Covariant Form of the Dirac Equation. Dirac y-Matrices 
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dxp 



ip-~- = -ifi a-V^ + m\p, 



which may be rewritten 

(/y^ - m)xp = 0, 



where we have introduced four Dirac y-matrices 



v M = ( R. Ret} 

i vr ? / / - 



(5.7) 
C5 St\ 

V 7 



Equation (5.7) is called the covariant form of the Dirac equation. We must wait 
until Section 5.2 to understand the sense in which the four 4x4 matrices 
y°, y\ Y 2 , Y 3 are to be regarded as a four-vector. The Dirac equation is really four 
differential equations which couple the four components of a single column vec- 
tor 



jt = i 



£'(r'% 5 ,. - m8 jk 
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Using (5.3) and (5.8), it is stiaightfuiwaru tu show that the Dirac y-matrices 



satisfy the anticommutation relations 





y >t y v + y V = 2g^. 


(5.9) 


Moreover, 


since y° = /?, we have 






y ot = y°, (y 0 ) 2 = / 


(5.10) 


and 


= (£«*)* = = -y k \ 

, ) k = 1,2,3. 

(y k ) = fia k fia k / j 


(5.11) 



Note that the hermitian conjugation results can be summarized by 

yMt = yOyflyO 



5.2 Conserved Current and the Adjoint Equation 

In order to construct the currents, we proceed as for the Klein-Gordon equation, 
see (3.17), except that, as we now have a matrix equation, we must consider the 
hermitian, rather than the complex, conjugate equation. The hermitian conjugate 
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where k = 1, 2, 3, is 



. 0 d’J' 

,Y it 


+ n k k = o 

dx k 


(5.12) 


is 






■ <ty f 0 

I — — 


„k\ m .,,t = n 




• dt ' 


'dx k ' ' ' "‘ Y 





To restore the covariant form, we need to remove the minus sign of — y k while 

IpQirtrm flip firct tprm lniplvjntrp^ Sinpp tViic pan Kp pIaup Ki; 
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multiplying (5.13) from the right by y°. Introducing the adjoint (row) spinor 

$ = •J'V, (5.14) 

we obtain 



I /) _L_ Vt /t m.t , A 

t v Y l 1 — v/. 



i 

W* A ~7 



We can now derive a continuity equation, d /* — 0, by multiplying (5.7) from 
the left by ^ and (5.15) from the right by \f/, and adding. We find 

h'W+ldJ) Y'V' = d„(<JVV) = 0. 



Thus, we see that 



j f 1 = ij/y^xf/ 

satisfies the continuity equation, which suggests that we should identify with 
the probability and flux densities, p and j. The probability density 

4 

P=/ = ^ = E|^| 2 (5.16) 

/=! 



is now positive definite. As previously remarked, this result historically motivated 
Dirac’s work. 

However, from the Pauli- Weisskopf prescription in Chapter 3, we saw that 
j mfl = (p,j) should be identified with the charge current density. We therefore 
insert the charge — e in y M , 



j 91 e\py^ , 



(5.17) 



and from now on regard as the electron (four-vector) current density. Recall 
that the reason for - e is that the electron (rather than the positron) is regarded as 
the particle. 

For the covariance of the continuity equation d j 11 — 0, it is necessary that 
transforms as a four-vector. This can indeed be proved; that is, using the four 
Dirac matrices y M , we can form a four-vector ify^ip (cf. Section 5.6). 
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EXERCISE 5.2 Operate on (5.7) with y v d v and show that each of the four 
components satisfies the Klein- Gordon equation 



(□ 2 + m 2 )4> i — 0. 



For a free particle, we can therefore seek four-momentum eigensolutions of 
Dirac’s equation of the form 

+ = «( (5.18) 

whprp u is a fnur-mmnnnpnt Qrvinnr inH^npnHpnt nf v Sluhctitntino in fS 7^ wp 

t' “r * “ ~r' — * ' ^ r,v 

have 



(?'*/>,, - m)u( p) = 0 

or, using the abbreviated notation 4 — yM for an y four- vector A 

( p — m) u ~ 0 . 



(5.19) 



(5.20) 



Since we are seeking energy eigenvectors, it is easier to use the original form, (5.1), 

Hu = (a*p + fim)u — Eu. (5-21) 

There are four independent solutions of this equation, two with E > 0 and two 
with £ < 0. This is particularly easy to see in the Dirac— Pauli representation of os 
and /$. First, take the particle at rest, p = 0. Using (5.4), we have 

Hu = Bmu = ( 0 \ u 

\ 0 -ml} 

with eigenvalues E = m, m, — m, —m, and eigenvectors 
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(5.22) 



As we have just mentioned, the electron, charge - e, is regarded as the particle. 
The first two solutions therefore describe an E > 0 electron. The E < 0 particle 
solutions are to be interpreted, as before, as describing an E > 0 antiparticie 
(positron) (see Section 3.6). 

For p # 0, (5.21) becomes, using (5.4), 



Hu = 



m 



CT*p 

— m 



= E\ A \, (5.23) 

<r-p -mj\u B ) \u B j 

where u has been divided into two two-component spinors, u A and u B . This 
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(5.24) 


For the two E > 0 solutions, we may i 


Lake 


= where 




(i) 
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The corresponding lower components of u are then specified by using the second 
equation of (5.24), 



u 



(■0 = 

B 



y(*) 

E + m A * 



(5.26) 



and so the positive-energy four-spinor solutions of Dirac’s equation are 



. _( x "1 * r 

U K ' = IV 



x {s) 

q-p 

E + m‘ 



.<*) 



( c 



with s = 1,2, where N is the normalization constant. For the E < 0 solutions, we 
take = x (5 \ and so, from (5.24), 



,(■*) = 



a-p 



= - 



a p 



.(■*) 



I J7I 
1^1 



(5.28) 



Hence, we obtain 



u (s + 2) = N 
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\E\ + m t e < 0. 

v( s ) 



(5.29) 



For an electron of given momentum p, we have four solutions: w (1,2) , correspond- 
ing to positive energy, and u (3,4 \ corresponding to negative energy. We can 
readilv verifv that the four solutions are orthoaonal: 

*/ •/ w 



u ( r )f u ( s ) = 0 r # s, 

with r, s = 1,2, 3,4. 

The bonus embodied in the Dirac equation, for instance, (5.23), is the extra 
twofold degeneracy. This means that there must be another observable which 
commutes with H and P, whose eigenvalues can be taken to distinguish the states. 
On inspection, we see that the operator 



2 * p = 




0 



o p/ 



(5.30) 



commutes with H and P; p is the unit vector pointing in the direction of the 
momentum, p/|p|. The “spin” component in the direction of motion, ■ p, is 
therefore a “good” quantum number and can be used to label the solutions. We 
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call this quantum number the helicity of the state. The possible eigenvalues X of 
the helicity operator • p are 

( + \ positive helicity, 1 ^ 

\ ~ i negative helicity. ^ | ^ 

We see that no other component of a has eigenvalues which are good quantum 
numbers. 

With the above choice (5.25), of the spinors it is appropriate to choose p 
along the z axis, p = (0, 0, p). Then 

2® ■ Px <s> = = Ax <J) 

with A = ± j corresponding to s = 1 , 2 , respectively. 

EXERCISE 5.3 Calculate the A = + i helicity eigenspinor of an electron 

of momentum W — ( n sin f) H nmc f)\ 

_ r \ v 5 t' v /♦ 

EXERCISE 5 A Confirm the desired result that the Dirac equation de- 
scribes “intrinsic” angular momentum (= spin)- \ particles. 

Hint We are clearly interested in angular momentum, so first we should 
explore the commutation of the orbital angular momentum L = r X P with 
the Hamiltonian. Use \ x. P.l = ifi. . to show that 

-jj - 

[H, L] = -i(a X P). 

So L is not conserved! Tnere must be some other angular momentum. Show 
that 



[H, 2] = +2/(a X P), where 2=1^ w 

VO a 

Clearly, neither L nor 2 are conserved. The combination 



J — L + -^2, 

which is nothing other than the total angular momentum, is however 
conserved, as now 



[tf,J] = 0. 



The eigenvalues of ^2 are ±\. 

EXERCISE 5.5 For a nonrelativistic electron of velocity v , use (5.24) to 
show that u A is larger than u B by a factor of the order v /c. In nonrelativistic 
problems, \p A and \p B are referred to as the “large” and “small” components 
of the electron wavef unction 
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(charge —e) in an electromagnetic field A fl = (A 0 ,A) reduces to the 
SchrOdinger- Pauli equation 



J^(P + e \) 2 + j^g-b - eA °}4 /A = e nr ^ a . 



(5.31) 



where the magnetic field B = V X A and E NR = E — m. Assume \eA°\ 
< m. 

Hint Make the substitution P* -* P* + eA* in eqs. (5.24) written in terms 
of ifr A B , eliminate \p B , and use 

n v> a i \y n * ot v/ a 

r a/\ /\^r = — i v a/\ 



where P = — / V . 



We see from the form (5.31) of the nonrelativistic reduction of the Dirac 
equation for an electron in an electromagnetic field that we may associate with 
the electron an intrinsic (or spin) magnetic moment 







(5.32) 



where the gyromagnetic ratio g is 2 and the spin angular momentum operator S is 
We speak of the Dirac moment —e/2m of the electron. Experimentally, 
g = 2.00232. The prediction g = 2 is a triumph of the Dirac equation. The small 
difference from 2 is discussed in Chapter 7. 



5.4 Antiparticles 

The first two solutions of the Dirac equation, 

u (1 ’ 2) (p)e~ ip - x , 

clearly describe a free electron of energy E and momentum p. The two negative- 
energy electron solutions m ( 3,4) are to be associated with the antiparticle, the 
positron. Indeed, using the antiparticle prescription of Section 3.6, a positron of 
energy £, momentum p is described by one of the — E, — p electron solutions, 
namely, 

w (3, 4 )(_ p)e -, [— />]' x = (5.33) 

where p° = E > 0. The “positron” spinors, v , are introduced for notational 
convenience. Recall that the Dirac equation for w(p) is [see (5.20)] 

U> - m) tt(p) = ,0. 

What does this imply for t>(p)? For an electron of energy —E and momentum 
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and so 



(-/ - m) w( p) = 0, 



(5.34) 

We emphasize that here that p° = E > 0. 

As before, we continue to draw the Feynman diagrams entirely in terms of 
Darticle (electron^ states. For example. an incomins positron of enerev F is drawn 

* ■V S W f - ' c?*/ — ' ' — 

as an outgoing electron of energy —E [see (5.35)]. The only new feature in the 
antiparticle- particle correspondence is particle spin. Note the identification of the 
spinor labels 1, 2 with the negative energy 4, 3 states in (5.33). One way to 
anticipate this reverse order is to observe that, in the rest frame, the absence of 
spin up along a certain axis is equivalent to the presence of spin down along that 
axis. The detailed connection is made in Exercise 5.6. As both spin and momen- 
tum are reversed, the helicity, ^ct • p, is unchanged. We may summarize these 
results by 



(5.35) 




n, A — p, — but +A 





U> + «i)f;(p) = 0. 



The Dirac equation for an electron (charge — e) in an electromagnetic field is 



r caa (A TM 

Jj 



+ eAj - m]^ = 0 



(5.36) 



Now, there must be an equivalent Dirac equation for the positron ( + e): 

[y^idp-eAj-m^c^O. (5.37) 

There must be a one-to-one correspondence between \p c and \p. To relate \p c to \p , 
we first take the complex conjugate of (5.36), 



L_y 



! (/^- eAj - m] y* = 0. 



(5.38) 



Thus, if we can find a matrix, denoted (Cy°), which satisfies 

_(Cy°)y^ =^(Cy°), 




5.4 Anti panicles 
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[Y'‘(« |1 -^ (1 )-m](CrV) = 0, 

and we can satisfy 

V = Cy°r = C<p T , 

where T denotes the transnose of a matrix 



EXERCISE 5.6 In representation (5.4) and (5.8) of the “/-matrices, show 
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Cy° = iy 



1 



i 

x 



u / 

Try this operation out on a particular spinor, and show, for instance, that 
= /y 2 [m (1) (p) e ip x ] * = « (4) ( — p) e tp x = u (1) (p) e ipmx . 

Further, show that in this representation 

C-VC = (-y^) r , 



C= -C _1 C f C T , (5.39) 

V = -Vc 1 . 



We have seen that the electron current is 

J mfL = ~e\£y p \p. 

The current associated with the charge conjugate field is therefore 

Jc = ~ e 4 / cy tl 4 / c 
= + e\p T C~ 1 y fl C\j/ T 

= -eV(y li ) T V 

/ \ - I * .11 I ( r . r\\ 

= -\-jevrv 

[see (5.39)]. The origin of the extra minus sign introduced in the last line is subtle 
but important. It is clearly necessary for a physically meaningful result, that is, if 
j£ is to be the positron current. The minus sign is related to the connection 
between spin and statistics; in field theory, it occurs because of the antisymmetric 
nature of the fermion fields. In field theory, the charge conjugation operator C 
changes a positive-energy electron into a positive-energy positron, and the for- 
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theory, positron states are not allowed; rather, C changes a positive-energy 
electron state into a negative-energy electron state. As a result, we can show that 
we must add to our Feynman rules the requirement that we insert by hand an 
extra minus sign for every negative-energy electron in the final state of the 
process. The C invariance of electromagnetic interactions then follows: 

JH^) C = {-L){-^) = LA\ 



e c „i: — c?„: i r' D n u^.' 

j.j nuimaiiLiiiiuii ui o(iuiui9 auu me vumjjicicncss ncumuiis 

For fermions, we choose the covariant normalization in which we have 2 E 
particles/unit volume, just as we did for bosons. That is, 



[ p dV = f dV = u^u = 2 E, 

* tirtit lrftl * 



*unit vol. ** 

where we have used (5.16) and (5.18). Thus, we have the orthogonality relations 

U (,) fu w = 2£fi„, v ir) V s) =2ES n , (5.41) 

with r, s = 1,2. Now, using (5.27), we calculate 

l*l 2 [l +[7^7)1 - \N\ 2 t¥t. 

\ in< 1 rrt / j u \ m 

and so we may take the normalization constant to be 



\T J 17 1 
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and the same for v (s \ 

To obtain the Dirac equation for u = u^y°, we need the hermitian conjugate 
of (5.19): 

ifiy ^Pfi ~ mu ^ = 0 - 

If we multiply from the right by y° and note from (5.9)— (5.11) that 

y Mt y° = y°y fi , (5.43) 

this reduces to 



Similarly, (5.35) gives 



yMtyO _ yO^ 


(5.43) 


u{p — m) = 0 . 


(5.44) 


v (/ + m) = 0. 


(5.45) 



EXERCISE 5.7 Use (5.41) to show that 

5 (,) if (, > = 2m, v^>v {s) = -2m. 




5.6 Bilinear Cuvariaiits 
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EXERCISE 5.9 Derive the completeness relations 



L U {s) (p) U is) (p) = / + m, 
5 = 1,2 

X V^{p)v^{p)=$-m. 

5 = 1,2 



(5.47) 



These 4X4 matrix relations are used extensively in the evaluation of 
Feynman diagrams (see Chapter 6). 

EXERCISE 5.10 Show that » = p 2 . 



EXERCISE 5.11 Show that 



+ m 
2m 



—p + m 
2m 



{ s. aq\ 



project over positive and negative energy states, respectively. Recall that the 
projection operators must satisfy 

A^= A ± and A + + A_= 1. 



5.6 Bilinear Covariants 



In order to construct the most general form of currents consistent with Lorentz 
covariance, we need to tabulate bilinear quantities of the form 

(*)(4 X 4)U) 



which have definite properties under Lorentz transformations, where the 4X4 
matrix is a product of “/-matrices. To simplify the notation, we introduce 

-.5 _ .• . 0 . . 



It follows that 



Y 5t = Y 5 , 



In the Dirac-Pauli representation, (5.4), 



Y 3 . 


(5.49) 


yV + YV = o. 


(5.50) 


O 
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II 

b o 


(5.51) 



We are interested in the behavior of bilinear quantities under proper Lorentz 
transformations (that is, rotations, boosts) and under space inversion (the parity 
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No. of Compts. Space Inversion, P 



Scalar 




1 


+ under P 


Vector 




4 


Space compts. : - under P 


Tensor 


if/O^lf/ 


6 




Axial Vector 


^y 5 y^ 


4 


Space compts. : + under P 


Pseudoscalar 




1 


— under P 



Due to the anticommutation relations, (5.9), the tensor is antisymmetric: 



o<"= ^(rY-TY). 



(5.53) 



The list is arranged in increasing order of the number of matrices that are 
sandwiched between $ and if/. The pseudoscalar is the product of four matrices 

/C ACk\1 1C fi.ro. ^oo+^Ioor. ..ro-o . . „ o J o* * ... 1 J 'U ^ *Uo : __ ...U : l~ 
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case the product would reduce to three and be already included in the axial 
vector. 

It is useful to see how the above properties are established. To do this, we must 
consider Dirac’s equation in two frames (x and x') related by a Loren tz 
transformation A. From (5.7), we have 



*r 



iy^ -m<f'(x) = o, 
.. dr(x’) 



dx v 



m if/’‘(x ) = 0, 



(5.54) 

(5.55) 



where x' = Ax. There must exist a relation 

if/'(x') = Sif/(x). (5.56) 

If we recall (5.18), it is clear that S is independent of x and acts only on the 
spinor u. Substituting (5.56) into (5.55) and demanding consistency with (5.54), 
we obtain 



5“VS= A\y\ 

where we have used d/dx* = A^d/dx". 



(5.57) 



EXERCISE 5,12 For a proper infinitesimal Lorentz transformation 



a*; = 



(5.58) 



show that an S which satisfies (5.57) is 
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(5.61) 



For space inversion, or the parity operation, 
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which is satisfied by 

S P = y°. (5.62) 

In the Dirac-Pauli representation of y°, (5.51), the behavior of the four compo- 
nents of \p under parity is therefore 

*Pl,2 = *Pl,2 ant ^ ^3,4 = — '/ / 3,4* (5.63) 

The “at rest” states, (5.22), are therefore eigenstates of parity, with the positive 
and negative energy states (that is, the electron and the positron) having opposite 
intrinsic parities. 

Armed with S L and S P , we can now check the claimed properties of the bilinear 
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where we have used (5,56) and (5.60). As an example, let us establish the 
character of Under Lorentz transformations, 

= 'fS, VS-,> = A '‘.(fyV). (5-65) 

using (5.64) and (5,57), while under the parity operation, 



— — i ( 4 / y°4 f > 

VS,* = 7;’ 

-<py <P- 



(5.66) 



These transformation properties are precisely what we expect for a Lorentz 
four-vector. 

From (5.56) and (5.64), if follows immediately that \p\p is a Lorentz scalar. The 
probability density p = ipty is not a scalar, but is the time-like component of the 
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r s S,>=-S P Y 5 , (5.67) 

the presence of y 5 gives rise to the pseudo-nature of the axial vector and 
pseudoscalar. For instance, a pseudoscalar is a scalar under proper Lorentz 
transformations but, unlike a scalar, changes sign under parity. 



5.7 Zero-Mass Fermions: The Two-Component Neutrino 

We return to the Dirac equation, (5.1), 

= (a*p + fim)\p (5.68) 

and the discussion at the opening of this chapter. We derived algebraic relations 
which were demanded of the a/s and ft, and found that they could be satisfied by 
4X4 matrices. However, note that is not involved in the case of zero-mass 
particles and that we need only satisfy 



a i a j + ajOt, = 2S :J 



a. 



= 



(5.69) 



[see (5.3)]. These relations can be realized by the 2x2 Pauli matrices. We can 
take a, = — and a t = a^, and the massless Dirac equation divides into two 
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Ex = -O'PX) (5.70) 
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Each equation is based on the relativistic energy- momentum relation, E 2 = p 2 , 
and so has one positive and one negative energy solution. 

Suppose (5.70) is the wave equation for a massless fermion, a neutrino. The 
positive energy solution has E = |p| and so satisfies 



<*PX=-X* (5.72) 

That is, x describes a left-handed neutrino (helicity X = — \ ) of energy E and 
momentum p. The remaining solution has negative energy. To interpret this, we 
consider a neutrino solution with energy — E and momentum — p. It satisfies 

<j(-£)x = x (5.73) 

with positive helicity, and hence describes a right-handed antineutrino (X = + \) 
of energy E and momentum p. Symbolically, we say (5.70) describes v L and v R . 
Such a wave equation was first proposed by Weyl in 1929 but was rejected 
because of noninvariance under the parity operation P, which takes v L — » v R , For 
massless neutrinos, this is no longer an objection as weak interactions do not 
respect parity conservation (see Chapter 12). The second equation, (5.71), de- 
scribes the other helicity states v R and v L . 
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Translating these results to four-component form 



u = 



X 

<t> 



a = 



— a 

0 
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(5.74) 



we see that we are here 
this representation, 
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working in the Weyl (or chiral) representation, (5.6). In 
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(5.75) 



At this stage, it is appropriate to peep ahead at weak interactions, which are 
discussed in Chapter 12. A vast number of different experiments indicate that 
leptons enter the “charged-current” weak interactions in a special combination of 
two of the bilinear covariants. For example, for the electron and its neutrino, 



** = if'.r'Ki - r 5 )^ 



(5.76) 



We speak of the V-A form of the weak current / in contrast to the V form of 
the electromagnetic current (5.17). Our concern here is the presence of the 
i(l — y 5 ); this mixture of vector ( V ) and axial vector (^4) ensures that parity is 
violated, and violated maximally. Indeed, from (5.75), 



U, _ 5 \ _ (I 0\/X _ (X 

2 ( 1 y 1 - (o o)U) io 



(5.77) 
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right-handed antineutrinos) are coupled to charged leptons by the weak interac- 
tions. As far as we know, neutrinos have only the weak interaction, and hence this 
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existence of v R (and v L ), and it could well be that they do not exist in nature. Of 
course, the assertion that only v L (and v R ) occur can only be made if the mass is 
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change a v L into a v R . 



EXERCISE 5.75 Show that the operators 

*!r - i(i + y 3 ). ^z.-i(i-y 5 ) 

have the appropriate properties to be (right- and left-hand) projection 
operators, that is. 



P} = P„ Pl + Pr = 1, PrPl = 0 



ii *.5 .1 u : _ „ 1 : * * — 

1 1CIC, Y lilt UJJCliUUl. 



For a massive fermion, we define the projections ^(1 + y 5 )w to be right- and 
left-handed components of u . 
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good quantum number. That is, show that y 5 does not commute with the 
Hamiltonian. However, verify that helicity is conserved but is frame depen- 
dent. In particular, show that the helicity is reversed by “overtaking” the 
particle concerned. 



EXERCISE 5.15 Working in the Dirac— Pauli representation of y-ma trices, 
(5.51), show that at high energies 
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(5.78) 



where u {s) is the electron spinor of (5.27). That is, show that in the extreme 
relativistic limit, the chirality operator (y 5 ) is equal to the helicity operator; and 
so, for example, - y 5 )u = u L corresponds to an electron of negative helicity. 



Of course, the fact that ^(1 - y 5 ) projects out negative helicity fermions at 
high energies does not depend on the choice of representation. We need only 
choose a representation if we wish to show explicit spinors. The particular 
advantage of the Dirac-Pauli representation is that it diagonalizes the energy in 
the nonrelativistic limit (y° is diagonal), whereas the Weyl representation di- 
agonalizes the helicity in the extreme relativistic limit (y 5 is diagonal). 



Finally suppose, for the moment, that a nonzero mass was established for one 
of the neutrinos ( v e , v 7 and so on). Remembering exercise (5.14), how can we 
have a massive neutrino and still ensure that weak interactions couple only to v L 
and v/p Majorana neutrinos accomplish this. They are formed by making the 
neutrino its own antiparticle. Thus, we may identify v L and P R as two helicity 
components of a four-component spinor. The other two components, v R and v L (if 
these exist), can then be a Majorana fermion of different mass. Clearly this is a 
different structure to the four-component Dirac spinor for, say, e*. A detailed 
discussion of Majorana spinors is given by r. Roman in Theory of Elementary 
Particles , North Holland (1961), page 306. 




6 

Electrodynamics of 
Spin-^ Particles 



In this chapter, we are going to reach the goal set in Chapter 3; commute cross 
sections for the electromagnetic interactions of leptons and photons. This is 
quantum electrodynamics. We proceed by retracing the steps of Chapter 4 for 



particles now described by the Dirac equation. The result will be Feynman rules 
for the electromagnetic interactions of spin-J leptons and quarks. Not only are 
the interactions completely physical but so, now, are the particles. They are no 
longer “pedagogical constructs” of spin zero. We shall finally confront experi- 
mental measurements. 



6.1 An Electron Interacting with an Electromagnetic Field A* 

We have seen that a free electron of four-momentum p* is described by a 
four-component wavefunction 

u(p) e- { P x 

which satisfies the Dirac equation, (5.19), 

(y^p* - m )<f = 0 . 

The equation for an electron in an electromagnetic field A* 1 is obtained by the 
substitution [see (4.1)] 

pp pp + eAP, (6.1) 

where we have again taken —e to be the charge of the electron. We find 

(y ll P l ‘-'n)4' = y°V4>, (6.2) 

where the perturbation is given by 

y°V ey.A’ 1 . (6.3) 

• r* 

The introduction of the y° is to make (6.2) of the form (E + • ■ • )^ = V*J/ y so 
that the potential energy enters in the same way as in the SchrGdinger equation 
[see, for example, the — eA v term in the SchrSdinger-Pauli equation, (5.31)]. 
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Tfi i J^}(x) V(x) tjix) d 4 x 





= ieJ^A^d'x 






= -ijjf‘A»d*x, 


(6.4) 


where 










(6.5) 




= —eu^ }i u i e i{p i~ p ' ) ' x . 


(6.6) 


Comparing 


this result with (5.17), we see that jf 1 can 


he reoarHeH as the 
— - 



electromagnetic transition current between electron states i and /. 

Recall that the analogous transition current we obtained for a “spinless” 
electron, 

jf e{p f + P i ) ll e ,(p i~ p ' yx , 

resulted in the Feynman rules of Fig. 6.1a. In Fig. 6.1b, we show the correspond- 
ing rules that follow for the (physical) spin-^ electron. The vertex factor is now a 
4X4 matrix in spin space. It is sandwiched between column u^{p t ) and row 
u {r) {p f ) spinors describing incoming and outgoing electrons of momentum/?,, p f 
and in spin states s , /*, respectively. 



EXERCISE 6,1 A “spinless” electron can interact with A p only via its 
charge; the coupling involves {p f + p ( y. Show that 



/ ^ n ( i n _L n \ ^ _U n n \ \ n 
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( £ h\ 



from which it is possible to establish that the physical spin-^ electron 
interacts via both its charge and its magnetic moment; see also Exercise 6.2. 
Equation (6.7) is known as the Gordon decomposition of the current. 




(a) ' 'Spinless" electron (b) Spin 1/2 electron 

Fig. 6.1 Factors for the Feynman rules listed in Section 6.17. 
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EXERCISE 6.2 Show that in the nonrelativistic limit, the Gordon decom- 
position, (6.7), of the electron current, (6.6), separates the electron interac- 
tion with an electromagnetic field A into a part arising from its charge, — e, 
and a part due to its magnetic moment, —e/2 m. Assume that A is 
independent of t , so that (6.4) becomes 



It; = — 



fi 



■ -1 _ C / T? 

IZ.7T i 



\ f -fi d it jl 

} JJ^a-x. 



To identify the magnetic moment interaction ( — fi*B), it suffices to show 
that 



ib, in ( n, — 

2m 



n.Yib 

r i / t / 



A* A 



= U/M-*- 

J TA \ 2m 



A/. A 3 



where \^ A denotes the upper two (or “large”) components of \p; compare 
with eqs. (5.31) and (5.32). 

Hint Since £, = E f , only the space-like components of (p/ — Pi) contri- 
bute. Note that ^(a 23 , a 31 , o 12 )*p — \p A o\p A . 



6.2 M0ller Scattering e e -* e e 

As an illustration of how to use the QED vertex factor of Fig. 6.1b, we compute 
the Feynman diagram of Fig. 6.2 for e e“ scattering. Repeating the steps in 
Section 4.2, the transition amplitude is given by [see (4.16)] 

T fi = 

/( - eu c y^u A ) | - ^ J ( - eUtf^UB )(2ir ) 4 S <4) ( p A + p B - p c ~ P D ) > 

with q = p A — p c , where (2w) 4 times the delta function arises from the integra- 
tion over the x dependence of the currents [see (6.6)]. Recall that the invariant 
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amplitude 91L is defined by 

Tf,= “'(2 ir)*& m (PA + Pb~ Pc~ Pd)^, 

and so we have 



— / c D1t = 



1 - 'V 
^ ? 2 



(iea 0 Y , '« B ), 



( 6 . 8 ) 



in agreement with the factors assigned to Fig. 6.1b. 

For e"e“ scattering, there is a second Feynman diagram, Fig. 6.3. The 
amplitude is obtained from (6.8) with the interchange C D, but with a relative 
minus sign on account of the interchange of identical fermions. Thus, the 
complete (lowest-order) amplitude for Moller scattering is 



91t = 



( - \i - .. \ 

2 \ u Cr “A)\ U D^ U B) 



( Pa - Pc)' 



+ e 



2 \ U Dy iku A)\ U C^ U B) 
( Pa - P d f 



(6.9) 



To calculate the unpolarized cross section, we must amend the cross section 
formulae of Section 4.3. By unpolarized we mean that no information about the 
electron spins is recorded in the experiment. To allow for scattering in all possible 



spin configurations, 



we therefuic have to make the replacement 



|91t| 2 ^|9H| 2 = 



(2*, + 1)(2* B + 1) a 1 ,?p i „ |9,L|2, 

states 



( 6 . 10 ) 



where s A , s B are the spins of the incoming particles. That is, we average over the 
spins of the incoming particles and we sum over the spins of the particles in the 
final state. Clearly, to carry out this calculation is a nontrivial task. 

To get some feel for what is involved, we first evaluate the unpolarized cross 
section for Moller scattering in the nonrelativistic limit . In this case, the spin sums 
become relatively simple. In the limit |p| 0, (5.27) and (5.42) give 



Ingoing e : u {s) = yjlm ( * ( } ] , 

\ 0 / ( 6 . 11 ) 

Outgoing e": ii (s) = \flm (x (s)t 0), 
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(6.12) 


we find 


.(J) _ / 


if M = 0 , 






“ 1 “ \ 0 


if p # 0, 


(6.13) 




M |s) y'‘«< s ' 1 = 0 


for all /i, if j # s'. 





In other words, the spin direction does not change in the scattering of nonrelativ- 
istic electrons. This is to be expected, as the electrons interact dominantly via an 
electric field which cannot change their spin direction. At higher energies (veloci- 
ties), it is the magnetic field which nips the spins, inserting (6.13) into (6.9) and 
labeling the six nonzero amplitudes by the electron spins gives 



9H(T ! 
91t(t | 



U) = 911(1 T 
1 T) = 911(1 T 



I I ^ = — a ^ A \ 

™ [t uj 
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i t ) = —e 2 4 m 2 ~ 

T i ) = e 2 4 m 2 - , 
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1 /, 
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defined by (4.43), are the photon propagators. 



Arrows la be! the 

spin-up (down) state of each particle. We can now perform the spin summation 
(6.10), and find 



|9H| 2 = i(4m 2 e 2 ) 





1 1 

+ — + — 



In the center-of-mass frame [see (4.45)], 

Q 

t = —2p 2 (\ — cos 9) = — 4/? 2 sin 2 — , 

Q 

u = — 2p 2 {\ + cos 9) = — 4/? 2 cos 2 -^ , 



(6.14) 



(6.15) 



where 9 is the scattering angle and p = |p,| with i = A, B, C, D. Using this, and 
inserting (6.14) into (4.35), we find that the ee“ differential cross section is 



do 
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(6.16) 



in the nonrelativistic limit, where s — 4 m 2 and a = e 2 /4ir: see (4.5). 



6.3 The Process e p — > e p 

How are these spin summations done without the benefit of the simplifications 
introduced by the nonrelativistic approximation? We use the example of e~/Li~ 
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Fig. 6.4 Feynman diagram for electron-muon scattering. 



scattering to illustrate the general technique for summing over spins since it has 
only one (lowest-order) Feynman diagram (Fig. 6.4). The invariant amplitude 
follows from the Feynman rules [see (6.8)]: 

9H= -e 2 uik’)^ u{k)^n{p')y a u(p), (6.17) 

4* 

The momenta are defined in Fig. 6.4 and q = k — k r . To obtain the (unpolarized) 
cross section, we have to take the square of the modulus of 911 and then carry out 
the spin sums. It is convenient to separate the sums over the electron and muon 
spins by writing (6.10) as 

iW=4 L r^ m , uon > (6-i8) 

where the tensor associated with the electron vertex is 



Z w(Ar>] f«(Ar')Y- «(Ar)]*, (6.19) 

( e spins) 



and with a similar expression for L™ uon . 

The spin summations look a forbidding task. Fortunately, well-established 
trace techniques considerably simplify such calculations. To begin, we note that 
the second square bracket of (6.19) (a 1 X 1 matrix for which the complex and 
hermitian conjugates are the same) is equal to 



i + / . n 

LH'(/c')Tr 



u(k)y = [tt*(A:)y 



y”u{k')\ 
= [u(k)y v u(k')] t 



where we have used y^y 0 = y°y*' [see (5.43)]. That is, the complex conjugation in 
(6.19) simply reverses the order of the matrix product. We now write the complete 
product in (6.19) explicitly in terms of individual matrix elements (labeled a, /i. . . , 



rith 
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W \ zW'H*') y^Z^\k)u^\k) y ; s k\k'). 



The completeness relation (5.47) allows the sums over both the initial and the 
final electron spins to be performed. The repositioning of u s makes this evident; it 
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becomes the trace of the product of four 4X4 matrices, 

L? = iTr((r + + m)y'), (6.20) 

where m is the mass of the electron. To evaluate L, we use the trace theorems. 



6.4 Trace Theorems and Properties of ylVIatrices 

Recall that the Dirac y- matrices satisfy the commutation algebra 

y'V + y v y iL = 2 g^\ (6.21) 

As a consequence, it is straightforward to show that the trace of a product of 
y-matrices can be evaluated without ever explicitly calculating a matrix product. 

Tk a trnop tViAArp rrt c ; jrp ( nerno QOQin tflA nrttQtmn /A = v nt l \' 
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Trl = 4, 



Trace of an odd number of v ’s vanishes. 

^ - 7 

Tr(^) =4 a - b, 

Tr(^^) = 4[(a • b)(c • d) — (a • c)(6 * d) +{a • d)(b • c)], 
Tr y 5 = 0, 



Trfv.M’l = 0. 

\ • J T T / - * 



( 6 . 22 ) 
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0 if two indices are the same. 

Other useful results for simplifying trace calculations are: 

Y^Y" = 4 



Y^Y m = -2<4 

/ x/ n j r 

Y^rr = * o 

^ = —2 (bifi 



(6.24) 



EXERCISE 6.3 Making use of (6.21), prove the trace theorems and the 
identities (6.24). 



6.5 e p Scattering and the Process e + e -» p + p 

It is straightforward to evaluate the tensor associated with the electron vertex, 
(6.20), using the trace theorems listed in (6.22). We have 

L? = iTr^V^Y') + > 2 Tr(Y'V), 

= 2(k'*k v + —{k‘ • k - m 2 )g^). (6.25) 
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The evaluation of L™ on of (6.18) is identical. We find 

L mu°n = 2(p^p„ +p' Pll -(p’.p- M 2 ) g(1 „), ( 6 . 26 ) 

where M is the mass of the muon. Forming the product of (6.25) and (6.26), we 
finally arrive at the following “exact” form for the spin-averaged e - /n - -> e“/Lt“ 
amplitude, (6.18): 

r 

\y\L\ 2 =—[{k' -p')(k-p) + (k' • p)(k- p') 

r 



— m 2 p' • p - M 2 k' • k + 2 m 2 M 2 ) . (6.27) 

In the extreme relativistic limit, we may neglect the terms involving m 2 and 
M 2 : therefore, 



8e 4 

|9t| 2 = ^ [(*' • p’)(k ■ p) +(k' ■ p)(k ■ pf )\ . (6.28) 

(k - k') 



Moreover, in this limit, the (Mandelstam) variables of (4.43) become 
s = (k + p) 2 = 2k • p = 2k' * p\ 
t = (k — k’f = —2k ■ k' = -2 p ■ p'. 



= ( Lr _ n '\ 2 

“ — v ,v y j 



n l ~ -l/,/ . „ 

A. jj — z, r. ’ y 



Thus, at high energies, unpolarized e p scattering, (6.28), is given by 




(6.29) 



(6.30) 



We may also obtain the amplitude for e e + -> p + p~ by “crossing” the above 
result for e - /i -> c~p~ (see Section 4.6). The required interchange is k' — /?, 
that is, s «-» t in (6.30), and we obtain 



2 2 

|9t| 2 =2e 4 ' + “ (6.31) 

s 

where now e“e + -> p + p~ is the s-channel process. The corresponding diagram is 
drawn in Fig. 6.5. This result for the square of the amplitude can be translated 
into a differential cross section for e + e“— » p + p~ scattering using (4.35). In the 





Fig. 6.5 The Feynman diagram for e e + -> p + p .As always, 
the antiparticles are drawn using only particle (e“, p) lines. 
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where the quantity in square brackets is ( t 2 + u 2 )/s 2 ; see (4.45). Using a = 
e 2 /4'7r, this becomes 



(6.32) 




To obtain the reaction cross section, we integrate over 0, <f>: 




(6.33) 



A comparison of this result with PETRA data is shown in Fig. 6.6. The PETRA 
accelerator consists of a ring of magnets which simultaneously accelerate an 
electron and positron beam circulating in opposite directions. In selected spots, 
these beams are crossed, resulting in e + e _ interactions with center-of-mass energy 
]fs = 2 E b , where E b is the energy of each beam. Equation (6.33) can be written in 




Fig. 6.6 The total cross section for e e + -> u it + measured 
at PETRA versus the center-of-mass energy. 
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Fig. 6.7 Some higher-order diagrams fore e + ->ti + u. 



numerical form as 



a(e + e 



fi + fi ) 



20 (nb) 

El (in GeV 2 ) ' 



This quadratic dependence of the annihilation cross section on beam energy 
predicted by our calculations can be checked by varying the energy of the beams, 
as displayed in Fig. 6.6. The above results are the contribution from the 
lowest-order Feynman diagram, Fig. 6.5. There are, of course, corrections of order 
a 3 , a 4 , . . . , arising due to interference with, or directly from, the amplitudes of 
higher-order diagrams, such as those of Fig. 6.7. 



6.6 Helicitv Cnns^rvatinn at HJoh Fn^rni^t 

- -j — - 

We can obtain further physical insight into the structure of results like (6.30) and 
(6.31) by looking at the helicity of the particles. As we will be often interested in 
highly relativistic interactions, it is useful to study the structure of the electromag- 
netic current in this limit. We start with (5.78) and note that for a fermion of 
energy E » m, 



Hi + y 5 ) u 

That is, i(l ± y 5 ) project out the helicity A = + \ components of a spinor, 
respectively. We can use this observation to show that 

uy*u = (u L + u R )y> l (u L + u R ) = u L y*u L + u R y*u R , (6.35) 

and so at high energies the electromagnetic intoraotinn kcc (& anH ( f, mi 

— " ■ L \ ^ • ■/ V v,u /J 

conserves the helicity of the scattered fermion. 

The proof is as follows. First note that 



(6.34) 

U R . 



U L = “Iy U = “^(l - Y 5 )y° = K j(l + y 5 ). 



(6.36) 





(a) (b) 

Fig. 6.8 The allowed vertices to 0{m/E) for (a) fermion scattering and (b) the crossed 
or annihilation channel. In all diagrams time increases from left to right. 

since y 5 = y 5 * and y 5 y° = — y°y 5 . Hence, 

= i“(l + Y 5 )y , ‘(1 + Y 5 )k 

= iuy l ‘( 1 - Y 5 )(l + Y 5 )« 

= 0, (6.37) 

where we have used y > y l ‘ = —y^y 5 and (y 5 ) 2 = 1. Helicity conservation clearly 
holds for any vector (or, for that matter, axial vector) interaction at high energies. 

The allowed vertices for high-energy fermion scattering are shown in Fig. 6.8a. 
On the other hand, in an annihilation channel such as e _ e + , the vertices of Fig. 
6.8b dominate to order m/E , that is, the outgoing fermions have opposite 
helicity. We shall see throughout the book how the application of these helicity 
conservation rules provides valuable insights into electromagnetic and weak 
interactions. 

EXERCISE 6.4 Assuming a vector- axial vector form of the weak interac- 
tion, explain why the electron emitted in the /z - decay process, /z~ -* z~v e v^ 
must be left-handed. What is the helicity of e + from /z + decay? 

Let us consider e + e _ annihilation in more detail. Helicity conservation requires 
that the incoming e“ and e + have opposite helicities, see Fig. 6.8b. The same is 
true for the /z“ and fx + in the final state. Thus, in the center-of-mass frame, 
scattering proceeds from an initial state with J z = + 1 or — 1 to a final state with 
J z . = +1 or —1, where the z, z' axes are along the ingoing e~ and outgoing /z _ 
directions, respectively. One of the four possibilities is sketched in Fig. 6.9. The 
reaction proceeds via an intermediate photon of spin j — 1, and therefore the 
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Fig. 6.9 The process e e + ->/i /i + in a particular 
helicity configuration: 9H(e^e^ -» /a^/a*) - 



amplitudes are proportional to the rotation matrices 

<&*(*) = (yX'le-^lyX), (6.38) 

where y is perpendicular to the reaction plane, 0 is the center-of-mass scattering 
angle, and A, A' are the net helicities along the z, z' axes. We adopt the 
conventional notation for the rotation matrices. They can be readily worked out 
from angular momentum theory and are tabulated in many places (e.g., Martin 
and Spearman, 1970). The four possible helicity amplitudes have the same vertex 
factors and are thus proportional to [see (4.45) and (2.21)] 



( a\ _ l Si i 

— 21^1 T V ) — — 



d\_ x {0) — rfi n (0) = i(l — cos 0) — ~ ~ ■ 

Spin averaging these amplitudes gives the desired result [see (6.31)] 
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u 2 + t 2 



(6.39) 



( c /m\ 



It is a straightforward consequence of angular momentum conservation and 
embodies, for example, the requirement that the amplitude for the process of Fig. 
6.9 must vanish in the forward direction, because here the net helicity is not 
conserved. 



EXERCISE 6.5 Use rotation matrix arguments to show that for “spin- 
less” electrons and muons 



9H(e-e + ^ M > + )oc - — - 



(6.41) 



Compare the ^-channel photon contribution of (4.47). 
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TABLE 6.1 

Leading Order Contributions to Representative QED Processes 



Feynman Diagrams 



Moller scattering 



e e -> e e 



(Crossings «-> u) 



Bhabha scattering 



e e + — > e e 



Feynman Diagrams |0H| 2 /2e 4 

Forward Backward Forward Interference Backward 

peak peak 






rorwara 

V 



w 

/ x 



s 2 + M 2 2r s 2 + t 1 

t 1 + tu + „2 



(u *-* t symmetric) 



nme-iiKe forward Interference Time-like 



p - _L ..2 T ..2 

JIM M 

“ + + 

/ 2 ts 



e /a -» e fi 



(Crossing | s +-* t) 



e e —> fi fi 









2 I 2 

A' + W 



1 , 1 

U -r 



6.7 Survey ofe e + -> e e + , p fi + 

We have calculated above some typical QED processes in the extreme relativistic 
limit. It is instructive to summarize these and related results in Table 6.1. Apart 
from the interference terms, all the contributions listed in the table follow simply 
from the last entry, which itself is easily obtained by helicity arguments. 

Similar results are found in QCD for the “strong” qq -> qq, qq -» qq interac- 
tions via single gluon exchange. In fact, the results are identical except that we 
must average (sum) over the colors of the initial (final) quarks, in addition to their 
spins, and make the replacement a -* a s , where a s is the quark-gluon coupling 
introduced in Chapters 1 and 2. 

EXERCISE 6,6 Show that the spin-averaged interference term between 
the two Feynman diagrams for electron-electron scattering is that shown in 
the table. 



Electrodynamics of Spin-| Particles 
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Chapter 13 that we also have the possibility of a contribution from a massive 
neutral weak boson Z°. Although the Feynman rules for the weak bosons are 
given in detail in Chapter 13, it is worth quickly anticipating the possible effect of 
y-Z° interference. Processes such as e~e + ->e~e + , p~ p + with ^-channel or 
“ time-like” Feynman diagrams should increasingly feel the effects of any such Z 
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6.1, it is clear that it is preferable to study e~e + -> p~p + rather than Bhabha 
scattering, since in the latter process, Z effects will be swamped by /-channel 
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6.8 e fi -* e p in the Laboratory Frame. Kinematics Relevant to the 

Tfc i _ Iff ■ ■ 
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Before we leave fermion scattering, it is useful to introduce laboratory frame 
kinematics, that is, the frame where the initial p is at rest. We can then directly 
apply these results to electron- quark scattering when probing the structure of 
hadrons in Chapter 8 and onward. 

We return to the “exact” formula (6.27) for e (A:) + p~{p) -> e~(&') + p~( p') 
and neglect only the terms involving the electron mass m, 

W 2 “ — [(*' • P%k ■ p) +(k' ■ p){k ■ p') - M 2 k’ ■ k\ 

q 

Se 4 r 1 11 

= — [- J q 2 (k -p - k'-p)+ 2(k’ -p)(k-p) + i=M 2 q 2 (6.42) 

H j 

where q ~ k — k'. To obtain the last line, we have used p' — k — k' + p, 
k 2 = k' 2 — 0 and q 2 — -2k- k' . 

We wish to evaluate the cross section in the laboratory frame, the frame in 
which the muon is initially at rest, p — (M, 0). The particle momenta in this frame 
are shown in Fig. 6.10. 
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Evaluatina (6.42^ in the laboratory fram^ wp finH 



l^l 2 = ^r[-^q 2 M(E - E') + 2EE’M 1 + ^A/V) 

= ^-2M 1 E'e[\ + (f_ M(E - E') \ 

q A \ 4 EE' 2M 1 2 EE' / 



2 e q 2 . 2 e\ 

— 2 M E El cos^— sin 2 -}. 

' 4 l 2 2M 2 2 



To reach the last line, we have used the following kinematic relations: 



„2 ^ Ti. i. / 

Cj — Z, A. • A. — 



T rr/Zi /i\ 

( 1 — COS (7 ) 



^ £,£, sur — 



Also, squaring q + p = p\ we obtain 



q 2 = -2p ■ q = -2vM so v = E - E' = - . 

To calculate the e /i -> e /x“ cross section, we make use of (4.27): 

^ _ 1 KV d*k' d 2 p' 

hr\h - ? 7r' o 5 ( P + k - p' - k') 

j\^ iy i ; £ *7T~ 

= am \ E ' dE ' d ^^ p + i- n 



(6.43) 



(6.44) 



(6.45) 



(6.46) 



The flux is the product of beam and target densities (2£)(2M) multiplied by the 
relative velocity which is 1 (i.e., the speed of light) in the limit where the electron 
mass has been neglected. 
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/^-5 I4 >( p + q -p') = j d^p'dp’v 5 ,4| ( P + q- P ')0(Po)S(p’ 2 ~M 2 ) 



2 1 2M I 
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! r <n\ 

(o.-40) 



where A - 1 + (2£/A/)sin 2 and the step function 0(x) is 1 if x > 0 and 
0 otherwise. 




m 






171 j J • „t I n 

E/ictimujiiuiiim ui opm- 2 rarnuta 



Tnc^rtina ^ 4^ intr\ (fiAf\\ Qnri ncinn f f\ A.' 7\ \i;p nKtain 

muvi biii^ yv» y in tv yv. ■ v y wnu. uLring y v. 1 / y ^ tt v v L/ lcuii 






dE'dti 
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„4 



COS' 1 



2 M 



sin 2 -? \ 5 1 v + 



2 M 



(6.49) 



Using (6.48), we may perform the dE' integration and, replacing q 2 by (6.44), we 
finally arrive at the following formula for the differential cross section for e~u~ 
scattering in the laboratory frame: 



do 



d& 



lab. 




\ 

I E ' 



4 £ 2 sin 4 



e 





(6.50) 



A powerful technique for exploring the internal structure of a target is to 
bombard it with a beam of hieh-enerev electrons and to observe the aneular 

_ _ - — - - - — G 1 — " " - - - - - - C? 

distribution and energy of the scattered electrons. Such experiments have re- 
peatedly led to major advances in our understanding of the structure of matter. 
Starting in Chapter 8, we describe how this method has revealed the structure of 
the proton. Equation (6.50) plays a central role in the story. 



EXERCISE 6.8 Show that the cross section for elastic scattering of un- 
polarized electrons from spinless point-like particles is 



do 

dti 





a 


lab. 


4 A? 2 sin 4 — 

' — 1 / 




(6.51) 



where as before we neglect the mass of the electron. Justify using (6.18) with 
L™ uon replaced by (p + p^^ip + p') v * Comparing the cross section with 
that for e jn -> e /U, we see that the sin 2 (0/2) in (6.50) is due to 
scattering from the magnetic moment of the muon. 



6.9 Photons. Polarization Vectors 

We have already noted that, in the presence of a current density y, the electromag- 
netic field A ** satisfies 



u 2 A* = (6.52) 

The following two exercises recall how this equation arises from Maxwell’s 
equations. 
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EXERCISE 6,9 
vacuo , 



MaxwcIPs equations of classical electrodynamics are, 



V-E = p, 



<9B 

vxE+ ¥ 



t-r .U — n 
V — v/, 



v/ D 

V A U 



<9E 



(6.53) 



(where we are using Heaviside- Lorentz rationalized units, see Appendix C 
of Aitchison and Hey). Show that these equations are equivalent to the 
following covariant equation for A* 1 : 



U 2 A»- d*(d v A v )=j\ (6.54) 

with/* = (p,j), and where A ** = (<f>, A), the four-vector potential, is related 
to the electric and magnetic fields by 

r d\ 

E — — — V<f>, B = V X A. (6.55) 



Further, show that in terms of the antisymmetric field strength tensor 

= d»A v - d v A» (6.56) 

Maxwell’s equations take the compact form 

(6.57) 

and that current conservation, d v 'f = 0, follows as a natural compatibility 
condition. [Note that V X(v X A) = — V 2 A+ V(V*A).] 



EXERCISE 6.10 Verify that E and B in (6.55) are unchanged by the 
gauge transformation 



A 'r- - A * + 



5„x, 



(6.58) 



where x can be any function of x. 
equations in the form 



Use this freedom to write Maxwell’s 



1 2 a u .-a 

| 'i' ^ r 
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The requirement d ^A* — 0 is known as the Lorentz condition. However, even 
after imposing this, there is still some residual freedom in the choice of the 
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A’, - A, + d^A 



where A is any function that satisfies 



□ 2 A = 0. 



(6.60) 

(6.61) 



This last equation ensures that the Lorentz condition is still satisfied. 

Turning now from classical to quantum mechanics, we see that the wavef unc- 
tion A ^ for a free photon satisfies the equation 

n 2 ap ~ n ( fx 

u - j V) y\s j 

which has solutions 



A* = E #l (q)<?" , '*‘ Jc . (6.63) 

The four- vector e ^ is called the polarization vector of the photon. On substituting 
into the equation, we find that q, the four-momentum of the photon, satisfies 

q 2 ~ 0, that is, m y — 0. (6.64) 



The polarization vector has four components and yet it describes a spin-1 particle. 
How does this come about? First, the Lorentz condition, d^A* 1 = 0, gives 

- 0, (6.65) 

and this reduces the number of independent components of e ^ to three. Moreover, 
we have to explore the consequences of the additional gauge freedom (6.60). 
Choose a gauge parameter 



A — iae :q ' x 

with a constant so that (6.61) is satisfied. Substituting this, together with (6.63), 
into (6.60) shows that the physics is unchanged by the replacement 

e ti = + a %* (6.66) 

In other words, two polarization vectors (e^, e^) which differ by a multiple of q 
describe the same photon. We may use this freedom to ensure that the 
time component of e M vanishes, e° = 0; and then the Lorentz condition (6.65) 
reduces to 



e*q = 0. 



(6.67) 



This (noncovariant) choice of gauge is known as the Coulomb gauge. 

From (6=67), we see that there are only two independent polarization vectors 
and that they are both transverse to the three-momentum of the photon. For 
example, for a photon traveling along the z axis, we may take 



/ 1 a r\ \ 



/a i r\ \ 

e 2 = 



/ r s r>\ 

(o .DO ) 



A free photon is thus described by its momentum q and a polarization vector e,. 
Since e, transforms as a vector, we anticipate that it is associated with a particle of 
spin 1. 
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EXERCISE 6.11 
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e R — - vT(«i + <« 2 ) 

e L = \/ T(*l ~ **2) 



(6.69) 



transform under a rotation 8 about the z axis. Hence, show that e„ and t, 
describe a photon of helicity +1 and —1, respectively; e* L are called 
circular polarization vectors. 



EXERCISE 6.12 Show that (in the transverse gauge) the completeness 
relation is 



E (* - Mj (6.70) 

\ = R, L 

If e were along q, it would be associated with a helicity-zero photon. This state 
is missing because of the transversality condition, q*e — 0. It can only be absent 
because the photon is massless. We return to a further discussion of photon 
polarization vectors in Section 6.13. 

6.10 More on Propagators. The Electron Propagator 

Here, we wish to consolidate our earlier discussion of propagators and also 
introduce the propagator for the electron. 

First, let us recall the nonrelativistic perturbation expansion of the transition 
amplitude [see (3.44) and (4.48)] 

T t,~ ~l2*8(E f -£,)(</| V\i) + E</m">-F7T-F<”l^l«'> + ■■■)■ 

\ n¥=i' / 

(6.71) 

Recall also that we associated factors such as (f\V\n) with the vertices and 
identified l/(£, - E n ) as the propagator (see Fig. 3.4 and Section 4.8). The state 
vectors are eigenstates of the Hamiltonian in the absence of V [see (3.29)] 

H o\ n ) = E n\ n )- 

Formally, we may therefore rewrite (6.71) as 
7’ /i = 2^5(£ / - £ i )</|(-/K)+(-/K)— {-IV) + ■■■ |/>, (6.72) 

ii Q 

where we have made use of the completeness relation 2|/?)(w| = 1. (The pre- 
scription for handling the singularity at E n = E t is discussed in Section 6.16.) It is 
natural to take — iV, rather than F, as the perturbation parameter. (The — i arises 
from the / in id\p/dt = F^, which leads to a time dependence exp ( — iVt) in the 
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thus be regarded as i times the inverse of the Schrodinger operator, 

-i(£/- H 0 )t = -W, (6.73) 



acting on the intermediate state. 

Let us apply the same technique to the various relativistic wave equations and 
so deduce the form of the DroDaeators for the corresDondins Darticles. 

X XV A V/ 1 



The Propagator for a Spinless Particle 

The form of the Klein-Gordon equation corresponding to (6.73) is 

/(□ 2 + m 2 )<t> = -iV<f>, (6.74) 

see (4.3). Guided by the relativistic generalization of (6.72), we expect the 
propagator for a spinless particle to be the inverse of the operator on the 
left-hand side of (6.74). For an intermediate state of momentum /?, this gives 



1 

i(—p 2 + m 2 ) 



Indeed, we have already discussed how this form arises as the relativistic 
generalization of the propagator (see Section 4.8). 



p — nr 



(6.75) 



The Electron Propagator 



An electron in an electromagnetic field satisfies 



(> - m) $ = -ey^A^, 



(6.76) 
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iey ^ The electron propagator is therefore the inverse of — / times the left-hand 
side of (6.76): 



1 = i 

— / ( / — m) p ~ m 



where we have used $ = p 2 and the completeness relation (5.47). The numerator 
contains the sum over the spin states of the virtual electron; a further discussion is 
given in Section 6.16. 

In summary, the general form of the propagator of a virtual particle is 

; V 

* L-i 

spins 



The spin sum is the completeness relation; we include all possible spin states of 
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(6.77) 




TT nL-i... T* A 

me ruuiuu nup^aiur 



m 



lv» / 



the nronaeatine narticlc We wnnld also intearat^ r«/#»r tVi^ 

I I c? o I ' ’ » T ' v ****,v^*%*vw V ? VI tiiv UiiiViVin lliV/lllVll LU111 

states that propagate. For the diagrams we have considered so far, this momen- 
tum is fixed by the momenta of the external particles. 

We discuss the prescription for handling the singularity at p 2 = m 2 in Sec- 
tion 6.16. 



6.11 The Photon Propagator 

The propagator for a photon is not unique, on account of the freedom in the 

choice of A P. Recall that nhvsics is nnchano^H hv trancfnrmQtirtn 
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A* A* + d» X 

which, as will be explained in Chapter 14, is associated with the invariance of 
QED under phase or “gauge” transformations of the wavefunctions of charged 
particles. 

From (6.54), we see that the wave equation for a photon can be written in the 
form 



(g^D 2 - d'd*)A x =f, (6.78) 

and, in fact, a photon propagator cannot exist until we remove some of the gauge 
freedom of A x , see Exercise 6.13. 

EXERCISE 6.13 Verify that the inverse of the “momentum space opera- 
tor” of (6.78) does not exist. 

Hint Attemnt to write the inverse in the most o^n^ral fnrm cnticf\/i«a 

- - r ***’' ^VAAVAWA AVA iii UWtAUl j AAA^ 

Loren tz covariance 



Aa 2 e.._ + Ba a 



f6.7<ri 



where A and B are functions of q 2 . 



In our discussions so far, we have chosen to work in the Lbrentz class of gauges 
with d x A x = 0. The wave equation, (6.78), then simplifies to 

(6.80) 



g-^D 2 ^ = /\ 



Now, since 



. o A 

S^S = V 



{O.Sl) 

where 8 X equals 1 if \ — ft, and 0 otherwise, the propagator (the inverse of the 
momentum space operator multiplied by — /) is 




(6.82) 




no 
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HisfMi.Qsion in Section 6.10 implies that we should associate — with the sum 
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over the polarization vectors of the virtual photon. This we tackle in Section 6.13. 
The gauge condition d x A x = 0 has been imposed covariantly, and the resulting 
covariant propagator, (6.82), is ideal for QED calculations. It is called the 
Feynman propagator , and we say we are working in the Feynman gauge. Indeed, 
this is the photon propagator we have been using so far, and we have already 
entered it into our table of Feynman rules, see Section 6.17. 



EXERCISE 6.14 The condition d x A x = 0 does not fully define the propa- 
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(6.83) 



In this case, use (6.79) to show that the propagator is 
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(6.84) 



The Feynman gauge takes f = 1. But in any case, the extra term in the 
propagator vanishes in QED calculations in which the virtual photon is 
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wwpivu tV W 11 UV 1 T VU VU 11 V 1 JW kJMWkJlJ *IflJ *1 V J V 1 



6.12 Massive Vector Particles 

Massive vector (spin 1) particles, denoted W ± and Z°, play a central role in the 
theory of weak interactions (see Chapter 12 onward). The wave equation for a 
spin-1 particle of mass M can be obtained from that for the photon by the 
replacement D 2 -* D 2 + M 2 ; recall the Klein-Gordon operator (3.19). From 
(6.78), we see that the wavefunction B x for a free particle satisfies 

(g' x (D 2 + M 2 ) - d v d x )B x = 0. (6.85) 

Proceeding exactly as before, we determine the inverse of the momentum space 
operator by solving 

(g' X (~P 2 + M 2 ) +P’P X ) 1 = 8 t( A g^ + B P»P*) ( 6 - 86 ) 

for A and B. Tne propagator, which is the quantity in brackets on the right-hand 
side of (6.86) multiplied by /, is found to be 
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(6.87) 



We can show that the numerator is the sum over the three spin states of the 
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(6.85). Two terms cancel, and we find 



M 2 3 x B x = 0, that is, 3^ = 0. (6.88) 

Thus, for a massive vector particle, we have no choice but to take d x B K = 0; it is 
not a gauge condition. As a consequence, the wave equation reduces to 



with free-particle solutions 
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(6.89) 



The condition (6.88) demands 



/ / aa\ 



(o.yu) 



and so reduces the number of independent polarization vectors from four to three 
in a covariant fashion. 



EXERCISE 6.15 For a vector particle of mass M, energy E , and momen- 
tum p along the z axis, show that states of helicity X can be described by 
polarization vectors 



E <x-±1) = +(0,1, ±i,0)//2 , 
e <X ' 0) = (I Pi. 0,0, E)/M. 



EXExtsISz 6.16 Show that the completeness relation is 
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(6.93) 
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where the sum is over the three polarization states of the massive vector 
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6.13 Real and Virtual Photons 



For a real photon, we saw that there are only two polarization states. Indeed, in 
Section 6.9 we found we could choose e ( 0 X) = 0 and q*e (X) = 0, so that only 
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these polarization vectors is 
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where T denotes transverse [see (6.70)]. 

On the other hand, we have associated with a virtual photon the covariant 
propagator /(- g^/q 1 , where -g^ implies we are summing over four polari- 
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Fig. 6.11 A virtual photon exchanged between two charged 
particles A and B. 



zation states. The completeness relation now reads in an obvious notation 
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= ( 5 /j-My) + 4,4, + (-g^og.o)- 



transverse 



longitudinal 



scalar 



(6.95) 



However, in a sense every photon is virtual, being emitted and then sooner or 
later being absorbed. How can we reconcile the two descriptions? 

Let us look at a typical Feynman diagram, Fig. 6.11, containing a virtual 
photon exchanged between charged particles. For such diagrams, see, for exam- 
ple, Fig. 6.2, we have found a transition amplitude of the form [see the discussion 
leading to (6.8)] 




transverse longitudinal/scalar 



where we have taken the photon four- momentum q ^ = (#°,0,0, |q|). That is, we 
choose the 3 -axis to be along q. Recall that charge conservation gives rise to the 
continuity equation d^j = 0. For both the A, B currents, this implies 

< r % = 4°/o - IqIA = ( 6 - 97 ) 
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longitudinal and scalar contributions cancel each other, leaving only the two 
transverse contributions. For a real photon, we can therefore make the replace- 



(6-98) 



On the other hand, for a virtual photon the longitudinal and scalar components 
cannot be neglected. Indeed, they play an important role. If we use (6.97) to 
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substitute for 0 and i? in f6.96V we find 

^ j \ ~/7 ■ * — 

' jAjB . .vl.fi f vl f -B 

J 1 •/! ^ J 2 Jl . 7o 7o 



r /-= -'7 



+ 



^ 4 x. 



(6.99) 



The first term describes the propagation of virtual photons in transverse polariza- 
tion jtates^ whereas the second term, with its |q| 2 denominator, is not asso- 
ciated with propagation. Instead, it represents the instantaneous Coulomb 
interaction between the charges of the two particles, j* and jg. This becomes clear 
if we rewrite the second term of (6.99) in the form 

T f?*- (6.100) 

and note that the charges interact without retardation at time t. 

EXERCISE 6.17 Verify (6.100) by making use of the Fourier transform 

1 



fd 3 xe"' ,,l - 7 ^— r . 
J 4 7T X 



( 6 . 101 ) 



Finally, by inspection of (6.95), we see that the division of —g^/q 2 into a 

tT/Uicv^ref 1 nmn'Kiotmo AAntrikutlr.^ n i! i / i ,• . 

vv/iiiiiuwuuii anu a ujiigiiuumai/ scalar siauc coninoution 

is not a Lorentz covariant separation. Only the sum forms a covariant photon 
propagator. 



6.14 Compton Scattering ye ->ye~ 

Compton scattering is a useful example to work through in detail. Not only do 
the Feynman diagrams involve both the electron propagator and external pho- 
tons, but we shall need the form of the amplitude for the analogous process 
y*q -» gq (involving quarks q and gluons g) in the development of QCD in 
Chapter 10. 

The two (lowest-order) Feynman diagrams are shown in Fig. 6.12, and the 
factors needed to compute the amplitude are shown in detail on the first diagram. 





Fig. 6.12 Feynman diagrams for Compton scattering ye~-> ye 
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where is one of the two transverse polarization vectors. Referring back to (6.4), 
we see that the e~ ik x is disposed of by the * integration, which results in 
momentum conservation at the vertex. We are thus led to include only the factor 
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chapter. Similarly, for an outgoing photon, {e' v e~ ,k 
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v )*, we are led to a factor e' t *. 
Note that, just as in Fig. 6.1b, the structure of the electron-photon vertex is 



(uy^u), 






( 6 . 102 ) 



but that here u is already contained in the electron propagator, whereas for 
electron scattering vertices it is e M that is embodied in the photon propagator. 

Using the Feynman rules, we obtain the following amplitudes for the two 
Feynman diagrams: 
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u is) (p') 



e'Siiey") 



‘( j> + % + m) 

(p + k) 2 — m 2 



(iey’ 1 )e ll 



u ts, (p) 



(6.103) 



- /gn 2 = a u,) (p') 






<U> ~ t' + m) 

( p — k') 2 — m 2 



(iey")e'* 



« ts) (p). 



(6.104) 



where /?, s and p\ s' are the momentum, spin state of the ingoing and outgoing 
electrons, respectively. Similarly, k , e and k', e' are the momentum, polarization 
vector of the ingoing and outgoing photons, respectively. Note that the invariant 
amplitude for Compton scattering (9^ + 91t 2 ) is symmetric under the inter- 
change (or crossing) of the two photons 

k, e <-> ~k\ e'*. (6.105) 

This is another example of crossing symmetry. 

What does gauge invariance have to say about Compton scattering? Provided 
we impose the Lorentz condition d = 0, we saw that physics is unchanged by 
the replacement 

+ (6.106) 



where e.. and k.. are the polarization vector and momentum of the photon, 
respectively, and a is an arbitrary constant, see (6.66). It therefore follows that if 
we write the amplitude for Compton scattering in the form 
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then 9H is unchanged by substitution 
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+ ak^ or e\ 



e' + ak' 



Thus, 



= k' v T v * = 0. 



(6.108) 
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EXERCISE 6.18 Show that, individually, the amplitudes 9H, and 9L 2 are 
not gauge invariant but that their sum indeed satisfies (6.108)/ 

It is instructive to work through the calculation of the Compton scattering 
amplitude in detail. For simplicity, we neglect the mass of the electron, and so the 
invariant variables for y(k) + e(/>) -» y(k') + e(//) are 



„ / 7. i _\ ,£ - -i ; _ 

T P ) ^ £K ‘ p = £K * p 



t = (k — k'f = -2k ■ k' = -2 p ■ p' 

.. / __/\2 r\ j / ^ , , 

a — (/t ~ p ) = ~ £K ' p = — £ p - K' 

The two invariant amplitudes, (6.103) and (6.104), are 



(6.109) 



01L. = e'*e p 2 u( /)T v'Y ai -I- u( nl /e 
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^2 = K%e 2 u(p') - £ ’)Y u(p)/u. 



(6.110) 
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the initial/final electron and photon spins. Fortunately, this is not as difficult as it 
first appears. For physical photons, (6.98) applies, and we can make the replace- 
ment 

E<*«y -* -g^. (6.111) 
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outgoing photon states, e\ Thus, for example, 
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The factor i is due to averaging over the initial electron and photon spins. The 
spinor completeness relation (5 &1\ allnwe tVw- c.im m/Ar is* a c + otiic- Irt Ua « />«• 
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formed (just as we described for e~/LT scattering in Section 6.3), and we find 
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4e 4 
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s 2 
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= 2e 4 



where we have made use of (6.24) and (6.22). Similarly, we obtain 

2e i-7\ 



|9t 2 | 2 



91LJ011* = 0. 



( 6 . 112 ) 
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Thus, the spin-averaged Compton amplitude is 

W = |9H, + 9H 2 | 2 =2e 4 (-“-^). (6.113) 

EXERCISE 6,19 Repeat the above calculation for an incident virtual 
photon of mass k 2 s — Q 2 . Continue to use (6.111). Show that for y*e~-> 
ye” (where y* denotes a virtual photon), 

<«“> 

\ / 

We shall make use of this result in Chapter 10. 
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high energy, s -* oo, the integrated cross section for Compton scattering is 
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Note that at high energy the dominant contribution comes from 91L 2 , via a 
glancing collision in which the M-channel electron is almost on mass shell. 



EXERCISE 6,21 Show, by using particle helicities, that high-energy 
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frame, given by 



| < Dl 1 | 2 a|rft / + 2 (0)| +\dl?(e)\‘ 



= (1 + cosfi) = ~Y S , (6.116) 

in agreement with (6.112). An example of this type of calculation is 
described in Section 6.6. 



6.15 Pair Annihilation e + e -* yy 



EXERCISE 6,22 Draw the lowest-order Feynman diagrams for the pair 
annihilation process 

e+ (/’i. J i) + e~(p 2 . s i) -* y(ki, *i) + y(k 2 , e 2 ). 
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/9H= («e)V-»(p 1 )(tf 7 — 

(6.117) 

Verify that, in the high-energy limit, the spin-averaged rate is given by 

\Vt\i = 2e 4 (- + -). (6.118) 

■ ■ \t Uj ' 



The e + e~-» yy cross section has both forward and backward peaks, corre- 
sponding to the t- and w-channel exchanged electrons being almost on mass shell. 
Result (6.117) can also be obtained by crossing the amplitude for Compton 
scattering. To go from ye~-» ye" to e + e~-» yy, we simple “cross” the ingoing 
photon with the outgoing electron, 

k, e —* ~ A: 2 , £* 

p f _» ~p x and ii^ s) (p') -* t> (5l) (/>i)* 

The initial electron and outgoing photon are unaltered: 

« <5) (/0 = t* iS2) (p 2 ), k\ e'* -> k lt ef. 

Making these substitutions in (6.103) and (6.104) gives the pair annihilation 
amplitude (6.117). 



6.16 The +i*e Prescription for Propagators 

The heuristic treatment of quantum electrodynamics that we have given so far is 
based on Feynman’s intuitive space-time approach. Our primary aim has been to 
motivate the Feynman rules and to calculate physical amplitudes. In so doing, we 
have avoided a detailed discussion of the underlying propagator theory, although 
we have made free use of the word “propagator.” Here, we try to rectify this 
omission, but we urge those interested to read Feynman’s original papers and the 
chapter on propagator theory in Bjorken and Drell (1964). 

Green*s Functions 

Propagator theory is based on the Green’s function method of solving inhomoge- 
neous differential equations. We explain the method in terms of a simple example. 
Suppose we wish to solve Poisson’s equation 



V 2< t>( x ) = -p(x) 



(6.119) 
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Fig. 6.14 G is the potential at x due to a unit 
source at x'. We then use the principle of linear 
superposition to obtain the cumulative potential at 
x, (6.121), arising from all possible elemental 
charges pd 3 x'. 



for a known charge distribution p(x), subject to some boundary condition. It is 
easier to first solve the “ unit source” problem 

V 2 G ~ — 5 (3) (x — x') (6.120) 

where G (\ , x') is the potential at x due to a unit source at x\ [For the boundary 
condition that G -» 0 at large distances, it is easy to show that (7=1/ 
( 47 t|x — x'|)]. We then move this source over the charge distribution and accu- 
mulate the total ootential at x from all Dossible volume elements d 3 x': 

<f>(x) = j C7(x,x') p(x') d 3 x\ (6.121) 
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operating with V 2 on (6.121). 



the Electron Propagator iS F 

We take the electron propagator as our example and use the Green's function 
method to solve Dirac’s equation, (6.76), for an electron in an electromagnetic 
field: 



( n ^ - m)*p = ~ey^A^. ( 6 . 122 ) 

That is, we first solve the unit source problem 

{iy^d 11 - m)G F = S (4, (x - x'), (6.123) 



where G F represents the wave produced at x by a unit source at x'. Once we have 
found Green’s function we can construct the solution to (6.122): 



^(*) = ~ej d 4 x'G F (x, x^y^A^ix') $(x'). (6.124) 



Note that here \p appears also on the right-hand side, and so an iterative 
perturbation series solution in powers of e is obtained. 
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From translational invariance, G F (x, x ') is a function only of the difference 
x ~ x'. To solve (6.123), we first Fourier transform to momentum space: 



( X ~X')= ~-~Js F (p) e - ip(x - x) d*p. 



(6.125) 



Then, on substituting into (6.123), we obtain 



(2 77) 



L - i f(^-m)S F (p)e-‘P< x -^d 4 p= — \e-^ 

(2 *y J 



V) <*"/>, 



where the tight-hand side is the Fourier representation of the delta function. In 
momentum space, (6.123) therefore becomes simply 

(> - w) S F (p) = 1. 

That is, 



SJ nl = 



1 



P + m 



P ~ m 



m 






So far, this is just a sophisticated version of the derivation of Section 6.10. 

To complete the determination of S F , we need to know how to treat the 
singularities at 



P 1 - m 1 = pl ~( p 2 + m 2 ) = ( p 0 - E)(p 0 + E) = 0. 

Since the electron is off mass shell, p 0 and E = (p 2 + m 2 ) 1/ 2 are independent 
variables. To obtain the correct prescription for integration over the poles at 

D,, — + E. we need to imnose the annrnnriatp hnnnHsirv rrmHitinnc r\n fZ / v _ v'\ 
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From (6.125) and (6.126), 
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‘ Po ( t - t ') 



(6.127) 

Recall that G F (x - x') represents the wave produced at x by a unit source at x\ 
That is, the propagation is from x' to x. Now, we seek an S F which is associated 
with the propagation of positive-energy electrons forward in time (t > t') and 
with negative-energy electrons backward in time ( t < t')\ see Section 3.5. This can 
be accomplished by performing the p 0 integration along the contour in the 
complex p Q plane shown in Fig. 6.15. That is, the required properties of S F are 
obtained by choosing the contour along the Re p 0 axis to go below the p Q = ~E 
pole and above the p 0 — + E pole. 

To check that this prescription works, first suppose t > t'. Then, from (6.127), 
we see that to ensure that the contribution from the semicircle vanishes, we must 
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Fig. 6.15 The contours in the complex p 0 
plane used to evaluate the dp 0 integral of 
(6.127). 



close the contour in the lower half-plane. We therefore enclose the pole at 
p = + E . Using the Cauchy residue theorem, we obtain 

G f (x - x') = — ^ '-e- ip ix - x,) (y Q E - irp + m) 

(27 r) ^ 

= 7~h / Ti e - ip< *-*' ) u> + m )• ( 6 - 128 ) 

ylirj 

Here,/ + m is the operator which projects out the positive-energy electron states, 
(5.48), and so S F represents the propagation of +E electrons forward in time. 

Now, consider propagation backward in time, t < C. In this case, the semicircle 
contribution will vanish provided we close the contour in the upper half-plane. 
We now enclose the pole at p Q = and so 

G f (x - x') = - yp + m). 

(2t t) j \~ 2t ) 

Since we are integrating over all of three-momentum space, G F is unchanged by 
the substitution p -* — p. Therefore, 

G f (x - x ') = — ~-E f Qe 1 '**-' ■>(-> + W). (6.129) 

(2? t) J 2E 

where (— / + m) is the operator which projects out the negative-energy electron 
states, see (5.48). Thus, S F represents the propagation of — E, — p electrons 
backward in time, which is equivalent to the propagation of +£, +p positrons 
forward in time. We see that the origin of the positron states is the pole at 
p 0 = — £, which was not present in nonrelativistic theory. To be really convinced 
that propagation in both spin states is included, we can recall the completeness 
relations (5.47). 

The required boundary conditions were imposed by displacing the contour 
round the poles at p 0 = ±E as shown in Fig. 6.15. An equivalent prescription is 
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Feynman Rules for —ity It 



• External Lines 

Spin 0 boson (or antiboson) 

Spin \ fermion (in, out) 

anti fermion (in, out) 
Spin 1 photon (in, out) 



Multiplicative 

Factor 



// \ 7 /) \ 

/ / 

/ / T 
/ f 



• Internal Lines — Propagators (need +*e prescription) 
Spin 0 boson • — 

Spin \ fermion • — 



Massive spin 1 boson 

Massless spin 1 photon 
(Feynman gauge) 

• Vertex Factors 

Photon — spin 0 (charge -e) 
Photon — spin | (charge - e ) 




p 2 - m 2 



i{j> + m) 

1 1 



tig?* ~ PpPv/M 2 ) 

p 2 - M 2 



ie(p+py 



Loops : jd A k/(2 t ir) A over loop momentum; include -1 if fermion loop and take the trace of 



flgCQciatgrl y-matrices 



Identical Fermions'. -1 between diagrams which differ only in e <-> e or initial e 
final e + 
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to displace the poles slightly off axis and to leave the contour undisturbed. To do 
this, we write the electron propagator 

‘S f (p) = ' 2 ^ + 2 m , . • (6.130) 

p — m + ie 

The introduction of -t-z'e, with e infinitesimal and positive, has the effect of 
displacing the p 0 = ±E poles slightly below and above the axis, respectively. The 
same + ie prescription is required for the other propagators. 

An illuminating way to remember the sign of ie is to regard it as a negative- 
imaginary contribution to the mass, m -* m — ie/ 2, so that the time dependence 

e ~iEt e ~i(m-ie/2)t _ ^-/mr^-ef/2 

Thus, stable particles may be viewed as the limit of unstable particles as the 
lifetime approaches infinity. 
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The invariant amplitude 91t is obtained by drawing all (topologically distinct and 
connected) Feynman diagrams for the process and assigning multiplicative factors 
with the various elements of each diagram. The rules are summarized in Table 6.2. 

For a photon-spin 0 interaction, there is also a four-particle vertex; see Fig. 
6.16. This originates from the e 2 A 2 term in (4.4). No corresponding four-particle 
photon-spin j vertex exists, since no A z term occurs in the Dirac equation, (6.2), 
describing an electron in an electromagnetic field. 



EXERCISE 6.23 Use the Feynman rules to evaluate 0H(ye _ -> ye”) cor- 
responding to the two Feynman diagrams of Fig. 6.12 with the electron 
taken to have spin 0. Show that the result is not invariant under the gauge 
transformation (6.66). Demonstrate that gauge invariance is restored if 
diagram 6.16 is included with a vertex factor 2/e 2 g M *'. 



In these chapters, we have considered only the lowest-order Feynman dia- 
grams. The rules generalize to higher-order graphs. However, new features occur. 
The diagrams contain closed loops of intermediate particles (see, for example, 
Fig. 6.7). Even after applying four-momentum conservation at each vertex, there 
still remains an undetermined four-momentum running round a closed loop. We 
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Fig. 6.16 The “sea-gull” diagram for ye — ► ye , with “spinless” 
electrons. 
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thus need additional Feynman rules to evaluate such diagrams. First, we must 
integrate over the loop momentum, / d 4 k/(lTr) 4 . We must include a factor -1 
for each closed fermion loop, and we have to take the trace of the associated 
y-matrices. We discuss this in more detail in Chapter 7. 

Unfortunately, loop integrations often lead to divergences. However, all the 
infinities which occur can be removed by well-established techniques. We say that 
QED is a renormalizable theory. This is the topic of the next chapter 

* i 




Loops, Renormalization, Running 
Coupling Constants, and All That 



In this chapter, we attempt to give you a glimpse of the beautiful structure of field 
theory. Field theory is not the main subject of this book, so you can therefore 
safely skip this chapter; but a successful reading of it will expose you to such 
inaccessible concepts as loops, renormalization, and running coupling constants 
in a concise and physical way, we hope. A consequence is that ti)e discussion is 
rather incomplete, and a few results are not explicitly derived. But only unreveal- 
ing algebra is omitted, which can be found in most field theory books. 



7.1 Scattering Electrons Off a Static Charge 

We use a simple experiment to demonstrate the concepts introduced in this 
chapter: the scattering of electrons by a static charge. In lowest order, the process 
is shown in Fig. 7.1a, in which the static charge is represented by a cross. How are 
the Feynman rules applied to this particular case? The question is best answered 
by going back to (6.4) and (6.6), where we find that the amplitude for the process 
of Fig. 7.1a can be written as 

T„= -iJd A xj£(x)A>(x). (7.1) 

Here, •//'(*) is the electron current: 

j? eu f y ll u i e~ klx , (7.2) 

and A^x) is the four-vector potential associated with the static charge. As before, 
q = p i — pj. in terms of the momenta defined in Fig. 7.1a. Equation (7.1) can be 
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where A^(q) is the Fourier transform: 
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Fig. 7.1 Feynman rules for Rutherford scattering of 
electrons off a static charge Ze, for example, a nucleus. 



For a static source, A tt (x) is time independent; therefore 



AV( — f A* „-i(E,-E f )t f j 3 V „iq*x Auf v \ 
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= 2ir8(E f - E,) A*(q). 


(7.5) 


The three-dimensional Fourier transform, >f M (q), is best calculated using Maxwell’s 
equations (6.59). For A^x) independent of /, we have 


v 2 ^"(x) = -/‘(x), 

and therefore 


(7.6) 


jd 3 x(v 2 A tt (x))e i,i ' x = -j*( q). 
Now, by partial integration the left-hand side equals 


(7.7) 


( d*x /t'*(x)(v 2 e' q ’ x ) |q| 2 ^'‘(q), 
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(7.8) 


^“(q) = ^'"(q)- 

|q| 

We substitute this result into (7.5) and find, from (7.3), 


(7.9) 


T f , = i2irS(E f E^ etifiyUi j»{ci). 


(7.10) 



The covariant amplitude is then obtained by removing the 5- function of T f 
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-/9t= /^ / ^u,-^y'‘(q). (7.11) 

The electron recoils off the static charge in Fig. 7.1a, and p, # p^, but energy 
conservation in (7.10) implies E i = E f or q 0 = 0. Therefore, 



(7.12) 
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-,-9H= (-r(q)). (7.13) 

We recognize the familiar vertex factor and photon propagator of the Feynman 
rules for the amplitude (~/91t), see Section 6.17. We therefore deduce that the 
factor — //*’ is associated with the source. For a static nucleus of charee Zc. 

v - - ------ - -- y -7 

7°( x ) = p( x ) = ZeS(x) 

j(x) = 0, (7.14) 

and so 

-<9t= (ieu f y 0 uM-^\(-iZe). (7.15) 

\ 7 / 



The result is recorded in Fig. 7.1b. For a static nucleus, (7.15) just describes 
Rutherford scattering. We recognize the familiar result for the angular distribu- 
tion [see (1.6)]: 






sin 4 (6/2) ’ 



(7.16) 



where 8 is the deflection angle of the electron, shown in Fig. 7.2. This angular 
distribution is a result of the q~ A behavior of do /dU obtained by inserting (7.15) 
into (7.16). Indeed, 

9 2 = ( Pt~ P f ) 2 



— — 2 A: 2 6 1 — cosd) 

\ / 

— — 4A: 2 sin 2 ^, (7.17) 



„.U — 1 1 alaAtfAw *v\ nnrl lioarl 

wn^i^ nave; me; ereeiiun inadd aim uowu 



k = Ip, I = lP/1 



7.2 Higher- Order Corrections 

The previous calculation gives the Rutherford cross section to 0(a 2 ) and is 
therefore an approximate perturbative result. To 0(a 4 ), other Feynman diagrams 
have to be included, one of which is shown in Fig. 7.3. When the invariant 
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Fig. 7.2 Deflection of an electron by a static charge. 
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Fig. 73 Feynman diagram for Rutherford 
scattering in which the exchanged photon 
Propagators Vertices fluctuates into an e“e + pair. 



amplitude ( — i'9H) of the 0(a 4 ) diagrams is added to (7.15), a more accurate 
result is obtained for do /dti. In the specific diagram of Fig. 7.3, the exchanged 
photon spends some time as a virtual e - e + pair; this will lead to a modification of 
Coulomb’s law which results from the lowest-order diagram of Fig. 7.1. We first 
evaluate the higher-order diagram and then return to di scuss this intriguing 
statement. 

By applying the Feynman rules, shown in Fig. 7.3 and Section 6.17, we obtain 
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x(-/^)(-r(q)). 



(*rX^ +m) r ("V) + 



(q ~ p) 2 - m 2 



(7.18) 



The Feynman rules for higher-order diagrams involve some nontrivial extensions 
of the rules developed in Chapter 6. A factor (-1)" should be included in an 
amplitude for a diagram containing n fermion loops [see, for example, the 
discussion of Mandl (1959) of the Dyson-Wick formalism], hence the factor 
(-1) 1 in (7.18). The only other unfamiliar feature of (7.18) is the d 4 p/(2ir) 4 
integration. Its origin is easily uncovered. Although four-momentum is conserved 
at each vertex, the momentum p , which is circulating around the loop, is 
unrestricted. The magnitude of the loop four-momentum 
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have to sum over all possibilities, hence / d 4 p . 

The addition of (7.18) to (7.13) can be regarded as a modification to the 
propagator of the lowest-order result (7.13), namely, 
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(7.19) 



where 



hM 2 ) = (-i )*/ 7^ Tr {( /e ' | v) 
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(7.20) 

This 0(a ) modification to the propagator is shown symbolically in Fig. 7.4. The 
correction can be calculated once and for all and then substituted into any 
Feynman diagram. 

There is, however, a major problem. 1^ as given by (7.20) apparently has terms 
of the form f\p\ 3 d\p\/\p\ 2 for \p\ -* oo, and so the correction diverges. Indeed, 
a rather lengthy but straightforward calculation shows that I „ can be written as 
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„ _2 r/ _ 2 \ 






with 
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(7.22) 



where tn is the mass of the electron. The dots in (7.21) represent omitted terms 
which are proportional to q fl q v and vanish when the propagator is coupled to 
external charges or currents. Equation (7.22) divides I{q 2 ) into logarithmically 
divergent and finite contributions. We might have expected I(q 2 ) to diverge 
quadratically as f\p\d\p \ . However, the divergence turns out to be only logarith- 
mic on account of the “conspiratorial” algebra connected with the rest of the 
integrand. An explicit derivation of (7.21) and (7.22) is given, for example, in 
Bjorken and Drell (1964), Jauch and Rohrlich (1976), Scadron (1979), or Sakurai 
(1967) who, in an appendix, gives a collection of tricks for handling loop 
integrals. 



) Fig* 7.4 Pictorial representation of (7.19). 
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Later, we shall study the effects of e~e + loops in the limit of short- or 
long-range interactions, and so it is useful to evaluate I{q 2 ) for both large and 
small values of ( — q 2 ). For ( — q 2 ) small, 



log! 



j gM 1 - z ) ) _ q 2 *(l - z ) 



and t7,221 becomes 
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^ 2 ) = ^*og ^ + (7.23) 
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where for the moment we have introduced a cut-off M 2 to replace oo as the upper 
limit of integration in the first term of (7.22). On the other hand, for ( — q 2 ) large, 

q 



and so. similarlv. 
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(7.24) 



Unless we can dispose of the infinite part of I(q 2 ) [which appears as M 2 -> oo in 
(7.23) and (7.24)], the result will not be physically meaningful. 

The way to proceed is best explained by returning to Rutherford scattering. 
Including the loop contribution, (7.19), the amplitude (7.15) is 

-/91L= (ieuy Q u)( t ) ( l “ ^ ~ TT - + 0(e 4 ))(- iZe), 

\ q* J\ J7T \m* ) lJ7T m" / 

(7.25) 
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rewrite (7.25) in the form 



-/0t = (ie R uy Q u)[--^r 111 — T~T ) ( — iZe R ) , 
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(7.26) 



with 




(7.27) 



To 0(e 4 ), it is easy to verify that (7.25) and (7.26) are mathematically equivalent. 
In the previous chapters, we were led to believe that e, the charge appearing in the 
lowest-order Feynman diagrams, is the charge of the electron as measured in 
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Thomson scattering or anv other long-range Coulomb exDeriment. We never 

i. 

justified this, and it is, in fact, not true! Suppose that e R in (7.27) is the electric 
charge listed in the particle data tables, that is, e R /4ir = 1/137. The invariant 
amplitude (7.26) is now finite. The infinity associated with the cut-off M -* oo has 
been “absorbed” in e R > This procedure is admittedly bizarre. It is our first contact 
with “renormalization.” We return to this later, but first we explore the physics 
content of our new amplitude, which we have contrived to be free of infinities. 



7.3 The Lamb Shift 



As pointed out in Chapters 3 and 4, T fi (or 01L) represents the Fourier transform 
of the potential. The first term in (7.26), which is proportional to |q| -2 , is 
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(7.28) 



(see Exercise 6.17). The second term, which represents the quantum effect of the 
virtual e _ e + loop in the propagator of the exchanged photon, contains an extra 
factor | q| 2 relative to the first. In coordinate space | q| 2 -> v 2 and, since 



— L-r /dV , ‘ r = *(r), (7.29) 
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(7.26) corresponds to an interaction between the electron and the charge Ze R of 
the form 



V(r) = - 1 - 
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(7.30) 



The extra interaction (including its sign) was anticipated in the discussion of 
screening in Chapter 1. When q 2 -> 0, the electron probes the static charge Ze R 
from a large distance and just interacts via the Coulomb interaction, that is, the 
first term in (7.30). The charge e R is by definition the familiar electron charge, the 
one measured in any long-range electromagnetic interaction, for example, 
Thomson scattering (see Fig. 1.7). But when the electron comes closer to the 
nucleus (i.e., — q 2 increases), it penetrates the cloud of virtual e _ e + pairs which 
surround it. This leads to an increase in the effective interaction as explained in 
Fig. 1.6 (note, indeed, that both terms in (7.30) have the same sign), and the 
second term in (7.30) represents a calculation of this effect to leading order or to 
“the one-loop level.” The presence of the loop thus leads to an additional 
attractive force between the electron and the nucleus. 
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This additional interaction can be detected. Loops are not just some graphical 
construct. Their presence can be experimentally established. For example, if the 
source in Fig. 7.1 is a proton (Z = 1) and the Feynman graph represents the 
electron- proton interaction of the hydrogen atom, then (7.30) describes 
the atomic binding, including the additional attraction when the electron ventures 
inside the cloud of e~e + pairs screening the charge of the nucleus. This effect, 
reDresented to lowest order bv the Dotential. contributes to the energy levels 

- M. - - \ S k - ’ - ____ 0-/ - 

E nl of the hydrogen atom. Its magnitude can be computed using ordinary 
quantum mechanics. Treating the second term in (7.30) as a perturbation, we 
obtain a contribution to the “Lamb shift” 
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(7.31) 
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Rydberg constant. The 8 /0 in (7.31) arises because the 5(r) potential can only 
perturb levels described by wavef unctions which are finite at the origin, namely, 
those with the / = 0. This result can be established experimentally by measuring 
the Lamb shift between the 2 s l/2 and 2 p l/2 levels. These levels are degenerate if 
loop contributions are not included. Equation (7.31), which for obvious reasons is 
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Lamb shift of + 1057 MHz between the 2 s 1/2 and 2 p l/2 levels. As the Lamb shift 



can be measured to an accuracy of about 0.01%, the shift (7.31) due to the e + e 
loop has been verified experimentally. Indeed this together with other loop 
contributions exactly reproduces the observed shift (see Section 7.4). We conclude 
that loop diagrams give real observable effects; but, even more important, our 
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This eventually leads to the charges depending on q 2 (or, equivalently, on their 
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change of photons between the electron and the proton. The Coulomb force leads 
to a separation of a Bohr radius on the average. In QED, the electron can deviate 
from its Bohr orbit as a result of, among other things, the fluctuation of the 
exchanged photon into e e + pairs. This quantum screening effect reduces the 
attraction when the electron is far from the proton and increases the force when it 
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lomb force falls with r. The net result is an additional attraction over and above the 
Coulomb potential ~a R ir, given by the second term in (7.30). 



7.4 More Loops: The Anomalous Magnetic Moment 

The vacuum polarization loop only accounts for a fraction of the splitting of the 
2 s i/ 2 ~2p l / 2 levels. Other 0(e“) graphs exist which help to destroy the degener- 
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any of the levels obtained when calculating to 
0(e 4 ) graphs is shown in Fig. 7.5. We have calculated the contribution of 
diagram 7.5a. Each of the other diagrams also contains a loop, which, just as 
before, will diverge for large loop momentum. These divergences can all be 
hidden in a redefinition of the charge, mass, or wavefunction of the electron, in 
the same way that we absorbed the divergent part of the e e + loop occurring in 

the nhnton nronaeator into the charge of (1 97Y The “nhvsies” ic contained 
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in the finite terms. 

We consider the diagram of Fig. 7.5b next. Just as the loop in the propagator 
affects the attraction between the charges which it connects, so we anticipate that 
the loop around the vertex will modify the structure of the electron current 
— eUf-y tij, see Fig. 7.6. Indeed, a computation of the (finite) piece of the diagram 
gives in the small ( — a 2 } limit 
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(7.32) 



The first square bracket gives an additional contribution to the Lamb shift of 
similar form to (7.26). A new feature arises here since the loop also diverges for 
small (infrared) loop momenta \p\. In (7.32), we have sidestepped this problem by 
giving the photon a small fictitious mass m„. We shall explain how this takes care 

— — - r 

of infrared divergences in Chapter 11. The combined effects of (7.26) and (7.32) 
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Fig. 7.5 Complete set of 0(a 2 ) Feynman graphs. 
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account for the observed value of the Lamb shift. The detailed discussion is rather 
lengthy and requires a careful treatment of the infrared photons, see Bjorken and 
Drell (1964) or Jauch and Rohrlich (1976). 

An intriguing feature of (7.32) is the second term in square brackets, which 
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implications of this term, we recall the Gordon decomposition of a y -current, 
(6.7), 
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(7.33) 



Equation (7.33) exhibits the fact that the electron interacts via both its charge and 
its magnetic moment. In exercise 6.2, we demonstrated that the a q v term in 
(7.33) represents a magnetic moment of the electron, 



which is often written as 



[k = 




with S = \o and the gyromagnetic ratio 



g = 2. 



(7.35) 

(7.36) 



The second term in (7.32) is therefore just an extra magnetic moment interaction 
to that already contained in y M via (7.33). In fact, substituting (7.33) in (7.32), we 
find, using (7.34), that 
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(7.38) 



The electron thus has an “anomalous” magnetic moment a/2ir in addition to its 
Dirac magnetic moment. To be precise, the anomalous part is given by 
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(1159655.4 + 3.3) X 10~ 9 , 
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where the first term corresponds to our lowest-order result (7.38), while the 
second and third terms represent the higher-order contributions. The number of 
diagrams grows rapidly with the order of a, and the error on the 0(a 3 ) 
contributions hints at the difficult numerical calculations that are involved. The 
experimental value of the electron’s anomalous magnetic moment is 




(1159657.7 ± 3.5) X 1(T 9 , 



(7.40) 



in excellent agreement with the prediction (7.39). This triumph of QED has been 
repeated for the muon magnetic moment, providing further evidence that our 
strange way of handling the infinities is correct. 



7.5 Putting the Loops Together: Ward Identities 

Equation (7.27) shows how the infinite part of the loop in the photon propagator 
is hidden by a redefinition of the electron’s charge. When performing the 
complete 0(e 4 ) calculation, infinite parts of the loops in Fig. 7.5b and 7.5c will 
also be absorbed into e R . Suppose we now repeat this calculation for the 
scattering of a muon, instead of an electron, by a nucleus. Clearly, the first 
diagram (Fig. 7.5a) contributes an amount to the charge which is independent of 
the nature of the scattered particle. The result (7.27) is determined by the 
modified photon propagator and changes the charge of an electron, muon, or any 
other particle in exactly the same way. But this is not the case for the diagrams of 
Figs. 7.5b and 7.5c, where the scattered particles are an integral part of the loop. 
It would appear that we shall get different redefinitions of e for electrons and 
muons, which would be a serious problem since experimentally the electron and 
muon charges are equal. It is here that QED displays its full power. A full 
calculation shows that magically the modification of the charge by the vertex 
diagram of Fig. 7.5b is exactly canceled by the modification introduced by the 
diagrams of Fig. 7.5c [see Sakurai (1967), Bjorken and Drell (1964)]. Only the 
“ vacuum polarization” graph of Fig. 7.5a modifies the charge. Equation (7.27) is 
the full answer, and hence the “renormalized” charge of the electron and muon 
remain equal. 
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This cancellation reDeats itself in everv order of Derturbation theorv. The 
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electron and muon charges are exactly equal. The conspiracy between the 
diagrams of Figs. 7.5b and 7.5c reflects a very basic property of (gauge) field 
theories known as a Ward identity. 



7.6 Charge Screening and e fi, Scattering 

Loops in the propagator of the exchanged photon not only modify the interaction 
of an electron with a static charge but also affect other interactions, for example, 
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(6.50). The 0(e 4 ) vacuum-polarization contribution is readily obtained by replac- 
ing the source factor — if = ( — iZe, 0) of (7.18) by the muon current: 

-if = ieu(pf)y v «(/?/), 

see Fig. 7.7. We require the charge to be the renormalized charge, (7.27), and keep 
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lowest-order result. This is an illustration of the fact that propagator corrections 
are common to all processes and hence can be calculated once and for all. Of 
course, there are other 0(e 4 ) contributions to c~fi~ scattering which we must also 
include. 



7.7 Renormalization 

Despite its phenomenological success, the procedure for treating infinities de- 
serves further consideration. How can we justify perturbation theory in a, when 
in the next order a is accompanied by an infinite coefficient, namely, log(M 2 /m 2 ), 
where M is some arbitrary cutoff? We return to (7.27), which drew attention to a 
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quantity that we called the charge, which appears in the lowest-order Feynman 
amplitudes of Chapter 6, is changed by higher-order interactions. It is therefore 




Fig. 7.7 Relation between Rutherford and e fi scattering. 
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not what we thought it was, and it is certainly not the charge the experimentalist 
measures. We can see this dilemma another way. The charge is associated with the 
electron -photon coupling, which we symbolically represented as 




In fact, it is all of these things at once, and that is what the experimentalist 
measures. Therefore, to label (7.41) as e (the quantity measured in Coulomb’s 
experiment giving a — 1/137) is simply wrong. Let us therefore call (7.41) the 
"bare” charge e 0 . Here, "bare” refers to the fact that the vertex is stripped of all 
loops. We can now summarize the situation by writing 




at Q 2 = n 2 

where * * • stands for diagrams with all possible propagator modifications. We 
need only consider modifications to the photon propagator because of the Ward 
identity of Section 7.5. We also explicitly show the negative sign associated with 
each loop, see (7.18). The charge e in (7.42) is the charge the experimentalist 
measures when scattering two low-energy electrons or performing a Coulomb 
experiment, namely, e 2 /4ir — 1/137. Its definition recognizes the fact that e 0 , 
appearing in the lowest-order Feynman amplitude, is modified by interactions. 
The relation between e 2 and e\ has to be specified at the particular value of the 
virtual photon’s momentum, say, q 2 = - Q 2 = —\l 2 appropriate to the experi- 
ment, as is done in (7.42). It is conventional to introduce Q 2 for — q 2 , as this 
quantity is positive. 
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To 0(e we can write the relation between e and the hare charge as 

v u , , - - - - ---- c? _ - u 

e 1 = el{\ - I{q 2 = -n 2 ) + O{e 4 0 )\, (7.43) 

where I(q 2 ) is given by (7.19) and (7.21). I(q 2 ) is 0{el) and represents the result 
of the one-loop calculation. Indeed, taking the square root of (7.43), we have 

«-e 0 [l - ^(<7 2 = V) + 0(*3)], (7-44) 

which is of the form of (7.27) after expansion of the square root. In the 
diagrammatic notation of Fig. 7.4, this can be written as 
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(7.44') 



at Q z = fi 4 



or, to all orders, 

e = e 0 (l + ej}At(Q 2 ) + e$A 2 (Q 2 ) + ■■■ (7.45) 

where — q 2 s Q 2 , Clearly, A/Q 2 ), which is directly related to I{ — Q 2 ), is an 
infinite quantity; so are A 2 (Q 2 ) and all subsequent coefficients in (7.45). There is 
a priori nothing wrong with that. It does not matter that a theory is formulated in 
terms of infinite quantities as long as observable quantities are finite. Extensive 
use is made of complex quantities in optics, and there is no objection to that as 
long as the observables are real. 

Let us calculate an observable to illustrate this point, for example, ep scattering 
at 90° (see Section 7.6). We fix the angle in order to have an observable 
do/dQ(s , t ) which depends on only one momentum. At 90°, —t- s/2 - Q 2 . 
We calculate the invariant amplitude as before, but we now explicitly display the 
fact that the calculation is in terms of the bare charge e 0 ; 
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+ 



at Q 2 



= el[F l {Q 2 ) + elF 1 {Q 2 ) + 0{e^)\. 



(7.46) 



(7.46') 



Other diagrams are represented by ... in (7.46). To obtain realistic results, they 
would have to be considered explicitly. Here we just want to demonstrate the 
techniques by which perturbation theory can manipulate infinite diagrams, for 
example, the infinity associated with the loop in the term in (7.46). Indeed, all 
terms in a perturbative calculation in terms of the bare charge e 0 , like (7.46), are 
again infinite. Now comes the crucial step: we reparametrize (“renormalize” in 
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invert (7.44') [or (7.44)]: 
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0(e 4 )] 
at Q 2 = n 2 

and use this result to replace the e Q vertices of (7.46). We obtain 



(7.47) 
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The first two diagrams both come from the first diagram of (7.46); the factor 2 
arises because we must replace e Q by e at each vertex. In the remaining diagram, 
we can simply write e instead of e 0 , as the difference is 0(e 6 ). Equation (7.48) can 
be written as 






(7.49) 



= e 2 [F{(Q 2 ) + e 2 F 2 \Q 2 ) + 0(e 4 )} 



(7.49') 



We have achieved the desired result. Comparing (7.46) and (7.49), we see that we 
have obtained a new expression for the invariant amplitude in terms of the 
“experimentalists” charge e as defined by (7.44), that is, as measured in an 
experiment with Q 2 = fi 2 . In doing so, nothing has been added or thrown away; 



we have just reparametnz.ed the onginal v^alv/ulaiiun (7.46). Thei efui c, clcaily 



9k(e 2 ) = 9H(eg), (7.50) 

as indeed it must. So, what have we achieved? The term in (7.46) is infinite, the 
e 4 term in (7.49) is finite! The e 4 term has been split into two terms, one 
containing a loop at Q 2 and the other a loop at Q 2 = /x 2 . The signs of the two 
terms are opposite. To see in more detail what happens, take, for example, the 
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at Q 2 = m 2 _1 
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(7.51) 



The difference of the two terms is finite; it does not defend on the ad hoc cutoff 
A/ 2 , which we can now send back off to infinity, where it belongs. We conclude 
that (7.49), unlike (7.46), defines the observables in terms of finite quantities. The 
two perturbation expansions are nevertheless equivalent, as we have demonstrated 
by explicit calculation. The infinite coefficients in the original series, (7.46), arose 
because e 0 itself is not finite (it is in fact infinitesimal). Once we reorganize the 
series in terms of the finite quantity e 2 y all the coefficients are finite. 

Note that a free parameter ju, with the dimensions of mass has slipped into the 
theory via the reparametrization of the charge. Different choices of /x 2 , the 
renormalization mass, will lead to different expansions, (7,49 '), of the amplitude. 
We say we are using different renormalization schemes. But |0H| 2 is an observa- 
ble and so must be independent of the value chosen for fi. This requirement can 
be formulated as follows: 
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(7.52) 



The dependence of 91t on /x, given by the coefficients F'(Q 2 ,!i> 2 ) in (7.490, must 
be cancelled by the /x-dependence of e(/x 2 ). Equation (7.52) is called the “renor- 
malization group equation." Its importance transcends particle physics; we have 
done scant justice to it in this passing reference. 



7.8 Charge Screening in QED: The Running Coupling Constant 

We have seen repeatedly how the charge is modified by the vacuum polarization 
loop in the photon propagator. We know that the loop will be repeated in higher 
orders as shown in (7.42). We can rewrite this relation as 
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(7.54) 



It turns out to be a good idea to redefine the charge including all vacuum 
polarization loops as given by (7.54). 

We showed how the infinities can be removed by working in terms of the 
physical (renormalized) charge e given by (7.53) at Q 2 = fi 2 . In fact, we could 
have used any value of /a 2 . However, different choices Q 2 = /aJ, p \,. . . correspond 
to perturbation expansions in terms of numerically different values of the physical 
charge e(fi 2 ). Indeed, using the notation of (7.43), we have, from (7.54), 



■ 2 (e 2 ) = e 0 2 ( _ J - 
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(7.55) 



Equation (7.55) explicitly displays the fact that the charge the experimentalist 
measures depends on the Q 2 of the experiment; ct(Q 2 ) = e 2 (Q 2 )/4 i iT is referred 
to as the “running coupling constant.” 

In the large Q 2 = - q 2 limit, I(q 2 ) is given by (7.24), and (7.55) becomes 
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(7.56) 



To eliminate the explicit dependence of a((?~) on the cutoff M, we choose a 
renormalization or reference momentum j a. The renormalization procedure is then 
to subtract a(fi 2 ) from a(Q 2 ). We find 



(7.57) 



for large Q 2 . Equation (7.57) now contains only finite, physically measurable 
quantities. 

The running coupling constant, a((? 2 ), describes how the effective charge 
depends on the separation of the two charged particles. By summing part of all 
orders of perturbation theory, we have obtained the charge screening of elec- 
trodynamics, see Fig. 1.5. As Q 2 increases, the photon sees more and more charge 
until, at some astronomically large but finite Q 2 , the coupling a(Q 2 ) is infinite. 
However, by inserting numerical values, we find that for all practically attainable 
Q 2 , the variation of a with Q 2 is extremely small; a increases from 1/137 very 
slowly as Q 2 increases. Of course, as Q 2 increases, other loops (formed, for 
example, by a /a + /a“- pair or a uu-quark pair) will also contribute to the variation. 
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7,9 Running Coupling Constant for QCD 

The Q 2 behavior of the QCD coupling, a s (Q 2 ), turns out to be very different from 
that for ol(Q 2 ). The manipulations of the QCD graphs needed for the calculation 
of a s (Q 2 ) carries over from the discussion of a(Q 2 ). The final answer, (7.57), is 
therefore also true for a s (Q 2 ), but there is a crucial difference: the coefficient of 
log (Q 2 /^ 2 ) is not the same. To determine the coefficient, we must calculate I(q 2 ) 
in QCD. The equivalent of Fig. 7.4 is, in slightly modified symbolic notation, 
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(7.58) 
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C and T stand for “Coulomb” and “transverse” gluons, respectively, see Section 
6.13. In the covariant gauge, it can be shown that these QCD diagrams yield the 
following coefficient of log (Q 2 /ii 2 )'- 



“ s (m 2 ) / 2 

4 ir l 3 n f 5 + 16 



(7.59) 



in contrast to the QED coefficient of (7.57), 



a( u 2 ^ / 4 \ 



(7.60) 



The consecutive terms in (7.59) represent the contribution of the consecutive 
loops in (7.58). The first loop is familiar; the gluon can fluctuate into a virtual qq 
pair, just as a photon can fluctuate into an e + e" pair. There is, however, one loop 
for each quark flavor; hence, — where rij is the number of flavors. The QED 
result, (7.57), was written for one flavor, “iiy”-* 1 (i.e., just the e + e“ loop). 
However, (7.60) is consistent with the first term of (7.59) because there is a factor 
of 2 mismatch in the definitions of a and a J( see (2.95). The relation between a 
and a 5 is discussed in more detail in Sections 10.4 and 10.7. We see that the 
fermion loops contribute a negative coefficient. So does the loop with two 
transverse gluons with a coefficient —5. One can in fact prove a theorem that all 
these loops have to lead to the same (negative) sign because they are all related to 
physical cross sections for producing lepton, quark, or gluon pairs. Symbolically, 




(7.61) 
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for the production of two transverse gluons in, for example, qq -» g -» gg. The 

theorem imnliee that am: etatp Xl/kl I /-■ o rv ko nk\rcio<i 11 n n<-n/li.na/l 

“*v k,l “ lv " Ju vu vtui i/v pujfoivaiij yiuuutWl W 11 CI 1 11 1 C 

propagator becomes time-like will lead to screening of the charge and hence to a 
negative coefficient. 



How can the third loop in (7.58) violate th< 
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in (7.59)? A clue can be found in the discussion in Section 6.13. There, we saw 
that the instantaneous Coulomb interaction was associated with the exchange of 
virtual longitudinal and scalar nhntnnc Sneh nhntntl c arp npvpr nrn/Hnr*prl o c r^ol 
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physical states since the probability for producing scalar photons cancels that for 
producing longitudinal photons. In QCD the cancellation is more complicated. It 
requires the introduction of “ghost” particles to cancel the unphysical polariza- 
tions. They can contribute to loops without leading to the production of physical 
particles. This is how the theorem is sidestepped. The sign of the third loop is not 
restricted and it is found to be positive. It is not only positive, it is sufficiently 
large to reverse the overall sign of the coefficient of log (Q 2 /fx 2 ) relative to that in 
QED. This is related to the fact that there are eight gluons but only three colors of 
quarks. 

Combining (7.59) with (7.57), we obtain the QCD “running coupling constant” 
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(7.63) 



Only in a world with more than 16 quark flavors (we are safely below this number 
at present energies) is the sign of the coefficient the same as in QED, see (7.57). 
As anticipated in Chapter 1, a s {Q 2 ) decreases with increasing Q 2 and therefore 
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short-distance interactions. We say that the theory is “asymp- 
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renormalization. From (7.63) we see that at sufficiently low (? 2 , the effective 
coupling will become large. It is customary to denote the Q 2 scale at which this 
hannens bv A 2 where 
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(7.65) 



For Q 2 values much larger than A 2 , the effective coupling is small and a 
perturbative description in terms of quarks and gluons interacting weakly makes 
sense. For Q 2 of order A 2 , we cannot make such a picture, since quarks and 
gluons will arrange themselves into strongly bound clusters, namely, hadrons. 
Thus, we can think of A as marking the boundary between a world of quasi-free 
quarks and gluons, and the world of pions, protons, and so on. The value of A is 
not predicted by the theory; it is a free parameter to be determined from 
experiment. We should expect that it is of the order of a typical hadronic mass. 

In Chapters 10 and 11, we find indeed that A has a value somewhere in the 
range 0.1 to 0.5 GeV. Thus, for experiments with Q 2 — (30 GeV) 2 , it follows from 
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just as we have done for QED. In the large Q 2 limit, all the quark masses can be 
neglected, and they contribute no mass scale to QCD. Nevertheless, there is a 
mass scale, A, inherent in the theory which enters through renormalization. 



7.10 Summary and Comments 

We should mention that the story of infinities in field theory does not stop here. 
We have in particular omitted a discussion of infrared divergences which are 
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discussion is postponed until Chapter 11, where it plays a crucial role in the 
discussion of perturbative QCD. 

In this chapter, we have shown how renormalization allows us to compute the 
physical effects due to the presence of loops in the perturbative expansion of 
QED (and QCD) amplitudes. The infinities appearing in loop diagrams were a 
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chapters. After a proper reparametrization, which takes us- from the bare to the 
physical charge, loops lead to finite and measurable effects. The calculations 
based on renormalization agree with experiment. The Lamb shift and the anoma- 
lous magnetic moment are dramatic illustrations. The loops “dress” the bare 
leptons so that they no longer appear to be simple point particles. They acquire, 
for instance, an anomalous magnetic moment like the truly composite neutron 
and proton, see Chapter 2. A complete calculation of all loops will require a 
reparametrization of the mass and wavefunction of the particles as well as their 
charge. The procedure is coirmletelv analoeous to the one discussed for the 
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charge. 
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The Structure of Hadrons 



In Chapters 3 through 7, we have learned how tu perform quantitative calcula- 
tions for the electromagnetic interactions of leptons and quarks. The same 
techniques will allow us to compute the color interactions of quarks and gluons. 
There is, however, an immediate problem; experiments to study color (strong) 
interactions are performed with hadrons (e.g., proton beams or secondary Tr-beams 
interacting with nuclear targets), not with the quarks and gluons that are 
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atomic physics where experiments involving complex atoms have to be interpreted 
through the electromagnetic interactions of the constituent electrons. This anal- 
ogy reveals the problem: we need to find the “wavef unctions” that describe, for 
example, a proton in terms of its constituent quarks and gluons. In this chapter, 
we present an experimental technique that allows us to determine the quark and 
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hadronic targets. The structure functions so obtained will be presented in Chapter 
9. Finally, in Chapters 10 and 11 we reach our goal and translate these 
quark— gluon QCD calculations into predictions for the results of expe*^—— n ts 
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involving leptons and hadrons. 

The discussion will soon reveal that these structure functions are not the static 
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to them. 



8.1 Probing a Charge Distribution with Electrons. Form Factors 

“Photographing” an object by scattering an electron beam off it is a well-proved 
technique in physics. Suppose we want to determine the charge distribution 
shown in Fig. 8.1, which could, for example, be the electron cloud of an atom. 
The procedure is to measure the angular distribution of the scattered electrons 
and compare it to the (known) cross section for scattering electrons from a point 
charge, in the form 



do 

~dU 




( 8 . 1 ) 
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Fig. 8.1 Lowest-order electron scattering by a charge 
cloud. 



where q is the momentum transfer between the incident electron and the target, 
q = kj — kj y see Fig. 8.1. We then attempt to deduce the structure of the target 
from the form factor F{q) so determined. 

We can gain insight into this technique by first looking at the scattering of 
unpolarized electrons of energy E from a static, spinless charge distribution 
Ze p (x), normalized so that 



Jp(x) d 3 x = 1. 



( 8 . 2 ) 



For a static target, it is found that the form factor in (8.1) is just the Fourier 
transform of the charge distribution 



F(q)= jp(x)e“>-'d i x, 

while the reference cross section for a structureless target is 
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(8.3) 



(8.4) 



where k = |k,| = |ky|, v = k/E, and 6 is the angle through which the electron is 
scattered. 



EXERCISE 8.1 It is useful practice of the techniques developed in the 
previous chapters to derive (8.3) and (8.4). We outline the various steps 
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(</>, 0) where, using 



(6.59), 



V 2 (p = -Zep(x). 
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Justify 
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(8.5) 



and hence show that the integral in (8.5) is ZeF(q)/ |q| 2 , see (7.9). Follow- 
ing the arguments of Section 4.3, verify that the differential cross section 
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( 8 . 6 ) 



with 

d 3 k f 8(E f - E t ) = kEdQ. 

Summing final, and averaging initial, electron spins give 
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(8.7) 



where 0 is the angle introduced in Section 7.1. Check this answer with 
(6.25). Putting all this together yields the advertised result 

dU = (rfoLj^ ’ 

with the form factor given by (8.3). 

EXERCISE 8.2 Show that if the electron beam is replaced by a beam of 
“point” spinless particles, the only change is that factor (8.7) is replaced by 
4 E 2 . This raises a question; why does the electron spin make no difference 
in the nonrelativistic limit, v -> 0? The remarks following (6.13) are the clue. 

EXERCISE 8.3 By considering the electron helicity, explain why you 
would anticipate the cos 2 (0/2) behavior of factor (8.7) in the extreme 
relativistic limit, see Section 6.6. 

By virtue of the normalization condition, (8.2), 

^(0)«l. 
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8.2 Electron— Pruiun Scattering. Proton Form Factors 
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(8.9) 
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r = | x | alone. The small-angle scattering therefore just measures the mean square 
radius ( r 2 ) of the charge cloud. This is because in the small |q| limit the photon 
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charge distribution p(r) and is not sensitive to its detailed structure. 

EXERCISE 8,4 If the charge distribution p(r) has an exponential form, 
e~ m \ show, using (8.3), that the form factor 

with q 2 = — |q| 2 . 

8.2 Electron-Proton Scattering. Proton Form Factors 

The above discussion cannot be applied directly to yield the structure of the 
proton. First, the proton’s magnetic moment is involved in the scattering of the 
electron, not just its charge. Second, the proton is not static, but will recoil under 
the electron’s bombardment. If, however, the proton were a point charge e with a 
Dirac magnetic moment e/2 M, then we already know the answer. We can take 
over the result for electron-muon scattering, (6.50), and simply replace the mass 
of the muon by that of the proton: 
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where the factor 
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given by (6.48), arises from the recoil of the target. 

Copying the calculation of the electron-muon cross section, the lowest-order 
amplitude for electron-proton elastic scattering, Fig. 8.2, is given by [see (6.8)] 

T„= —ifj.,1 — ] J* d*x , 

' v n 




Fig. 8.2 Lowest-order electron- proton elastic 
scattering. 
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where q = p f - p and the electron and proton transition currents are, respec- 
tively, 



j* = ~e u{k')y^ u(k) e i{k '~ k) - x (8.11) 

J* = eu{p f )[ }u{p) eW-rt-*, (8.12) 



see (6.6). Since the proton is an extended structure, we cannot replace the square 
brackets in f8.121 bv as for noint snin-A nartielec in rS 1 Vi Rut u/p tKot 
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must be a Lorentz four-vector, and so we must use the most general four-vec- 
tor form that can be constructed from p, p\ q and the Dirac y-matrices sand- 
wiched between w and u. There are only two independent terms, and io^q^ 
and their coefficients are functions of q 1 ( q 2 is the only independent scalar 
variable at the proton vertex). Terms involving y 5 are ruled out by the conserva- 
tion of parity. Therefore, quite generally, we may write the square bracket of 
(8.12) in the form 



[ ] = 



FAq'h* + 



F i(q 2 ) 



ia 




(8.13) 



where F x and F 1 are two independent form factors and k is the anomalous 
magnetic moment (see Exercise 6.2). 



EXERCISE 8.5 Show that current conservation, d = 0, rules out 
(p ~ pY as a possible four-vector. Why do we not show a term involving 
(p+pY in (8.13)? 



EXERCISE 8.6 Show that p • q is not an independent scalar variable by 
expressing it in terms of the variable q 2 . 
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make any difference that the proton has structure at the order of 1 fermi. We 
effectively see a particle of charge e and magnetic moment (1 4- K)e/2M, where 
k. the anomalous moment, is measured to be 1.79. The factors in (8.13) must 
therefore be chosen so that in this limit 

*i(0) = 1, ^ 2 (0) = 1- (8.14) 

The corresponding values for the neutron are ^(0) = 0, F 2 (0) = 1, and experi- 
mentally K n = - 1.91. 
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elastic scattering, we find an expression similar to (8.10): 



do 




^ \ 
a 


dti 


lab 


-y a @ 

[ 4 E 2 sin 4 - 




-^—r(F 1 + kF 2 ) 2 sin 2 ?r 
2 M 2 2 



(8.15) 



see (6.50). This is known as the Rosenbluth formula. The two form factors, 
F x 2 (# 2 ), parametrize our ignorance of the detailed structure of the proton 
represented by the blob in Fig. 8.2. These form factors can be determined 
experimentally by measuring do/di 2 as a function of 0 and q 2 . Note that if the 
proton were a point particle like the muon, then k = 0 and F x (q 2 ) = 1 for all q 2 , 
and (8.15) would revert to (8.10). 

In practice, it is better to use linear combinations of F x 2 , 



G e = F x + 



AM 



2 ^ 



G m — F l + kF 2 , 



(8.16) 
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(8.15) becomes 



do 

di 2 



a 



lab 



4£ 2 sin 4 



*1 



e 



2 + T<? M 2 _ 

1 + T 2 



i n _/^2 

T Z '/U ./ Mil — 



.:_2 ^ ) 
2 }' 



/o n\ 
V o.i/; 



with t s — q 2 /AM 2 . 

Now that interference terms have disappeared, these proton form factors may 
be regarded as generalizations of the nonrelativistic form factor introduced in 
Section 8.1, and so it would be nice if we could interpret their Fourier transforms 
as the charge and magnetic moment distributions of the proton. Unfortunately, 
the recoil of the proton makes this impossible. However, it is possible to show 
that the form factors G E (q 2 ) and G M {q 2 ) are closely related to the proton charge 
and magnetic moment distributions, respectively, in a particular Loren tz frame, 
called the Breit (or brick wall) frame, defined by p' = - p. 



EXERCISE 8,7 Show that the proton transition current, 7^(x) of (8.12), 
can be rewritten in the form 



7 ^( 0 ) = eu(p') 



y“(A + *Fi) ~ 



( p> + p" 1 ) 
2 M 



kF \ 



u(p). (8.18) 



Evaluate J M (0) = (p, J) in the Breit frame (p' = -p). There is no energy 
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p’ , X 



Fig. 8.3 The Breit or brick-wall frame, pf = — p. 

transferred to the proton in this frame, and it behaves as if it had bounced 
off a brick wall, see Fig. 8.3. If the z axis is chosen along n and helicity 
spinors are used, show that 

p = 2MeG E (q 2 ) for A = -A', 

A ± U 2 = +2|q| eG M {q 2 ) forA = A' = =F±, (8.19) 

and that all other matrix elements are zero; A and A' denote the initial and 
final Droton helicities. resnectivelv nptprminf* 

* " ~y r — j ■ “■ **»*****«v mV wi i vop'x/iiuiiig valued KJ1 

the helicity of the virtual photon. 



In generalizing the funn factor of Section 8.1, we have replaced F(|q|) by 

F(q 2 ). However, as long as |q| 2 <r M 2 , we can take over the Fourier transform 
interpretation of Section 8.1. 

EXERCISE 8.8 Show that for |q| 2 ^ M 2 , the form factors G E and G M 
are the Fourier transforms of the proton’s charge and magnetic moment 
distributions, respectively. 

G e and G m are referred to as the electric and magnetic form factors, respec- 
tively. The data on the angular dependence of ep -» ep scattering can be used to 
separate G E , G M at different values of q 2 , see (8.17). The result for G E {q 2 ) is 




Fig. 8.4 The proton form factors as a function of q 2 . 
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.71 



(in units of GeV 2 ), 



( 8 . 20 ) 



The behavior for small — q 2 can be used to determine the residual terms in the 
expansion of (8.9). In particular, the mean square proton charge radius is 

(r 2 )= 6[ dGE ^ M = (0.81 X 10- ,3 cm) 2 . (8.21) 

\ d( i I q 2 - o 

The same radius of about 0.8 fm is obtained for the magnetic moment distribu- 
tion. Using the result of Exercise 8.4, we conclude that the charge distribution of 
the nucleon has an exponential shape in configuration space. 



8.3 Inelastic Electron-Proton Scattering ep -* eX 

Having measured the size of the proton, one might like to take a more detailed 
look at its structure by increasing the -q 2 of the photon to give better spatial 
resolution. This can be done simply by requiring a large energy loss of the 
bombarding electron. There is, however, a catch: because of the large transfer of 
energy, the proton will often break up, and the picture of Fig. 8.2 has to be 
generalized to Fig. 8.5. For modest - a 2 , one might just excite the proton into a 
A-state and hence produce an extra 7r-meson, that is, ep -» eA + -> ep7r°. In these 
events, the invariant mass (see Fig. 8.5) is W 2 — Ml. When - q 2 is very large, 
however, the debris becomes so messy that the initial state proton loses its 
identity completely and a new formalism must be devised to extract information 
from the measurements. Figure 8.6 shows the invariant mass distribution. One 
notices the peak when the proton does not break up (IF — M) and broader peaks 
when the target is excited to resonant baryon states. Beyond the resonances, the 
complicated multiparticle states with large invariant mass result in a smooth 
distribution in missing mass W. 




I nvariant 
mass W 



Fig. 8.5 Lowest-order diagram for ep 
eX. 
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Fig. 8.6 The ep 



of 8.5. 



eX cross section as a function of the missing mass W. Data are from 

= M has been reduced by a factor 
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The problem now facing us is illustrated by recalling (8.11), (8.12), and Fig. 8.2. 
The switch from a muon to a proton target was made by replacing the lepton 
current/ 1 ( ~ uy^u) by a proton current J* ( ~ mT^m), and the most general form 
of T* was constructed. This is inadequate to describe the inelastic events of Fig. 
8.5. Although everything above the dashed line in Fig. 8.5 remains unchanged (a 
fact which we shall exploit), the final state below it is not a single fermion 
described by a Dirac “w” entry in the matrix element or current. Therefore, J ^ 
must have a more complex structure than (8.12). Instead, the expression for the 
cross section [see (6.18)] 



do ~ l;xl p Y v (8.22) 

is directly generalized to 



do ~ L; V W»\ (8.23) 

where represents the lepton tensor of (6.20), since everything in the leptonic 
part of the diagram above the photon propagator in Fig. 8.5 is left unchanged. 
The hadronic tensor W* v serves to parametrize our total ignorance of the form of 
the current at the other end of the propagator. The most general form of the 
tensor W* v must now be constructed out of g ^ and the independent momenta p 
and q (p' = p + q). yMs not included, as we are parametrizing the cross section 
which is already summed and averaged over spins. We write 



W, 






w* 



w * v = - w iZ* v + + (8.24) 



M 



M' 



We have omitted antisymmetric contributions to W* v t since their contribution to 
the cross section vanishes after insertion into (8.23) because the tensor L% is 
symmetric. Note the omission of W 3 in our notation; this spot is reserved for a 
parity- violating structure function when a neutrino beam is substituted for the 
electron beam, so that the virtual photon probe is replaced by a weak boson; see 
Perl (1974), Close (1979), or Llewellyn Smith (1972). 
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q^L;„ = q’L;„ = 0. 



( 8 . 25 ) 



EXERCISE 8.10 Show that current conservation at the hadronic vertex 
requires 



qjtf* 9 = q v W^ v = 0. (8.26) 

The proof may be left until after (8.39); it follows from = 0. As a 
result of (8.26), verify that 



4 



w,= 





w. 



Thus, only two of the four inelastic structure functions of (8.24) are indepen- 
dent; so we may write 



/ 

W* ¥ = WA -g^ + 



n^n 1 
'I 1 



1 / 



J + *^( 



_ 



\( 

'll 






(8.27) 



where the W t ’s are functions of the Lorentz scalar variables that can be con- 
structed from the four-momenta at the hadronic vertex. Unlike elastic scattering, 
there are two independent variables, and we choose 

ql 311(1 ( 8 - 2g ) 
The invariant mass W of the final hadronic system is related to v and q 2 by 

W 2 = (p + q) 2 = M 2 + 2 Mv + q 2 . (8.29) 



EXERCISE 8.11 It is common to replace v and q 2 by the dimensionless 
variables 



-q 2 -q 2 p • q 

X 2 p q 2Mv ’ y p-k* 






where the four-momenta are shown on Fig. 8.5. Show that the allowed 
kinematic region for ep -» eX is 0 < x < 1 and 0 < y < 1. Sketch this 
physical region in the v , q 2 plane and check your answer with Fig. 9.3. 
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v = E — E’ , y = 



E - E' 



where E and E are the initial and final electron energies, respectively. 



Evaluation of the cross section for ep —> eX is a straightforward repetition of 
the same calculation for e /x -> e _ /x _ (or ep -» ep) scattering with the substitu- 
tion of W„ pi given by (8.27), for L muon for L? \ l Icina thp PYnrpccinn 

r r ' - v /' UV \ n/y/' v v^i.l /1 vooiVll I I 1 U1 

(£ e ) M " and noting (8.25), we find 
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In the laboratory frame, this becomes 



(8.31) 



= 4EE ' cos 2 j W 2 {v , ? 2 ) 4- sin 2 — 2H^i(jr, ^ 2 )\, (8.32) 



see (6.44). By including the flux factor, (4.32), and the phase space factor for the 
outgoing electron, (4.24), we can obtain the inclusive differential cross section for 
inelastic electron-proton scattering, ep -* eX, 



da 




v * I 



(8.33) 

where |9tt| 2 is given by the expression in the braces [recall (6.18)]. The extra 
factor of 4 ttM arises because we have adopted the standard convention for the 
normalization of W*\ Inserting (8.32) in (8.33) yields 




(8.34) 



where, as usual, we neglect the mass of the electron. 
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Although we have achieved our objective, it is informative to take a second look 
at the formalism. The final result, (8.34), may be reexpressed in the form 



do 

dE'dti 



a 2 F f 

— — ( J e \ p ‘ v w 

q 4 E ^ 



(8.35) 



see (8.32) and (6.44). For comparison, recall the cross section for e/x -> e/x 
scattering, (6.46), 



do = 



i 1 3 * / , 3-*^4 ^ 
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which can also be written in the form (8.35) with 



X</>', 5'|Jj/7,5>(27r) 4 6 4 (/? + q-p') 



where 



P% 



(8.37) 
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Insertion of (8.37) into (8.35) reproduces (6.49). All we have done is to use a 
particular regrouping of the factors in our earlier derivation. If we replace (8.38) 
by u[ )u with [ ] given by (8.13), then we can recover the result for ep -» ep 

scattering. The reason for all this is to note that W for ep -> eX is nothing but a 
generalization of (8.37) to the case where a proton breaks up into many particles 
in the final hadronic state X. It can be formally written as 



IV.,. = 



zUrifnl- £</>.*!£ \X) 



N 



n=x\2E f n {2^y 



X (X\l\p, i>( 2 w) 4 5 4 ( p + q-'Lp'i 

' n 



(8.39) 



where a sum over all possible many-particle (i.e., N particle) states X is included, 
see Fig. 8.5. 

For future reference, it is useful to make a compendium of our results on form 
factors. We keep to the laboratory kinematics of Fig. 6.10 and neglect the mass of 
the electron. For all the reactions, the differential cross section in the energy ( E ') 
and angle (0) of the scattered electron can be written in the form 



do 



AT?’ ACi 



UL/ U 



4 a 2 E' 2 

A 

<1 




(8.40) 
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For elastic scattering from a proton target, 
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the proton target is broken up by the bombarding electron, 
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(8.41) 



(8.42) 
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Making use of the delta function, (8.41) and (8.42) can be integrated over E' with 
the result [see (6.50)] 



do 
di 2 



a 



£( )• 



4£ 2 sin 4 ^ E 



(8.44) 



EXERCISE 8.13 The above results assume (lowest-order) single photon 
exchange is dominant. If two-photon exchange were significant, convince 
yourself that the e p and e + p cross sections would not be equal. 



8.5 Inelastic Electron Scattering as a (Virtual) Photon-Proton Total 
Cross Section 



It is clear from the above discussion that the important issue is what happens 
below the dashed line in Fig. 8.5, where a (virtual) photon interacts with a proton. 
The role of the electron beam is simpiy that it is responsible for the presence of 
the virtual photon. It is useful to display these facts in our formalism. We start by 
writing the total cross section for scattering a real photon, with energy q° = v = K 
and (transverse) polarization e, off the same unpolarized proton target producing 
two or more final- state particles. Using the Feynman rules and cross section 
kinematics which we have developed, we obtain 



a^yp-X) (2A , )(2M) S( 2 E)/n 



d 3 p’ 



X £(2»)V p + q- £/>; s\JJ\X)(X\l\p, j>, 

s„ ' n 



(8.45) 
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mass of the final state, then 

W 2 = (p + qf = M 2 + 2MK. (8.46) 

I 

We immediately note the striking similarity between (8.45) and the formal 
expression for W given by (8.39). Indeed, (8.45) appears to be simply 



o tot (yp - x) = 



(8.47) 



However, there is a crucial proviso: for real photons, we must sum only over the 
two transverse polarizations of the incident photon. On the other hand, to 
interpret the ep -» eX hadronic tensor W as a photon-proton total cross 
section, it is vital to remember that the photon is virtual and not limited to two 
polarization states. In fact, the cross section for virtual photons is not a well- 
defined concept. When q 2 = 0, the flux factor is the 4 MK with K = v\ but for 
virtual photons ( q 2 # 0), the flux is arbitrary. The conventional choice is to 
require K to continue to satisfy (8.46), that is, 



^ W 2 — M 2 q 2 

X = — p -f- 

2 M 2M ’ 



(8.48) 



in the laboratory frame. This is known as the Hand convention. Another possible 
choice is K — |q|. 

Tq gQrnpigtA the interpretation of the structure functions, we must specify the 
polarization vectors ejj of virtual photons (helicity X). We take the z axis along q 
and use [see (6.92); a further discussion is given in Budnev et al. Phys. Rep C/5, 
181 (1975)] x= ±1 : e ± — =F/f(0; 1, +i\0), (8.49) 

X = 0: e 0 = -p=r(/<' 2 -? 2 ;0,0,p). (8.50) 



EXERCISE 8.14 Verify that q • e = 0 for each X , and show that, for a spacelike 

nhntnn (n 2 < OV 



V( — l)-^*r = — g* v + ^ 
^ q- ’ 



(8.51) 



where the sum runs over the three polarization states of (8.49) and (8.50). 

For q 2 >0 the factor ( — 1 ) x+ 1 is omitted and the sum (8.51) with q 2 replaced by M 2 
is identical to that over the spin states of a massive vector particle, see Section 
6.12. 
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the transverse and longitudinal cross sections are, respectively, 
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(8.53) 

(8.54) 



EXERCISE 8.15 Verify eqs. (8.53) and (8.54). The calculation can be 
greatly simplified by writing the tensor decomposition for W , (8.27), in the 
laboratory frame, where 



p = (M; 0,0,0), 
q = (x;0,0, \jv 2 - q 2 \ 



EXERCISE 8.16 Express the ep -> eX differential cross section (8.34) in 
terms of a T L . That is, show that 



do 

dE'dti 



= T(a r + ea L ), 

lab 



where 



aK E' 1 
2ir 2 \q 2 \ TT=l' 




(8.55) 



(8.56) 



(8.57) 



EXER C1SE 8.17 The formalism has been set up in such a wav that, when 

q 2 o, 



°t ^ tot (yp) 

0. (8.58) 



whcie y is a real photon and a tot (yp) is given by (8.45). 
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q 1 = 0. Hence, show that 
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(8.59) 
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0, and su establish that vanishes. 



Can we extract additional information about the structure of the proton from 
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and their phenomenological interpretation look quite forbidding. The answer to 
this question is of great importance and is the subject of the next two chapters. 




9 

Partons 



Equipped with the formalism of Chapter 8, we can now turn to the experimental 
information and ask the question, “Can small-wavelength photons resolve the 
quarks inside the proton target?” 



9.1 Bjorken Scaling 

If simple, point-like, spin- \ quarks reside inside the proton, we should be able to 
illuminate them with a small-wavelength (large — q 2 ) virtual photon beam (Fig. 
9.1). The fact that such photons break up the proton target can be handled by 
using the inelastic form factors discussed in the previous chapter. The sign that 
there are structureless particles inside a complex system like a proton is that for 
small wavelengths, the proton described by (8.43) suddenly starts behaving like a 
free Dirac particle (a quark) and (8.43) turns into (8.41). The proton structure 
functions thus become simply 



^2 ' 2 ' 

2 JKPoi-l 

2 m 2 l 2m) 

wr« -«(>-& (9.i) 



For convenience, we have introduced the positive variable 



e 2 = - q l . 



Here, m is the quark mass; the “point” notation reminds us the quark is a 
structureless Dirac particle. Equation (9.1) can be pictured as 
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